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In Chapter 1, we defined the dot product u « vofvectors uand vin R,

In this section, we will use the properties of the dot product

as a means ot defining the general notion of an inner product.

In the next section, we will show that inner products can be used to define

analogues of “length” and “distance” in vector spaces other than R".

Definition  Aninner product on a vector space V is an operation that assigns
to every pair of vectors u and v in V a real number (u, v) such that the following
properties hold for all vectors u, v, and w in V and all scalars c:

1. (u, v) = (v, u)

2.(u,v+w)=(u,v)+ (uw

3. (cu, v) = c(u, v)

4. (u,u) =0 and (u, u) = 0 if and onlyifu = 0

A vector space with an inner product is called an inner product space.
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Example 1.1 R" is an inner product space with (u, v) = u - v. Properties (1) through (4) were
verified as Theorem 1.2,

Theorem 1.2

Let u, v,and w be vectors in R"” and let ¢ be a scalar. Then

a. u*v=v-u Commutativity
b.u-(v+w)=uv+uw Distributivity
c. (cu)v=c(u-v)

d. uru=0 and u-u = 0ifand onlyifu =0

Definition  Aninner product ona vector space V is an operation that assigns
to every pair of vectors u and v in V a real number (u, v) such that the following
properties hold for all vectors u, v, and w in V and all scalars c:

L (u,v) = (v, u)

2.(u,v+w=(uv)+ (uw

3. (cu, v) = c(u,v)

4. (u,u) = 0 and (u, u) = 0 if and only if u =0

A vector space with an inner product is called an inner product space.

A
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Example 1.2 Letu=| '|andv = | '| be two vectors in R*. Show that

U, Vi

(w,v) = 2uv; + 3u,v,

defines an inner product.

Definition  Aninner product ona vector space V is an operation that assigns
to every pair of vectors u and v in V a real number (u, v) such that the following
properties hold for all vectors u, v, and w in V and all scalars c:

1. (u, v) = (v, u)
Solution  We must verify properties (1) through (4). i

4. (u,u) = 0 and (u, u) = 0 if and only if u = 0

A vector space with an inner product is called an inner product space.

Property (1) holds because

(w, v) = 2uyv; + 3u,v, = 2viuy + 3vu, = (v, u)

If c is a scalar, then
(cu,v) = 2(cu)v; + 3(cuy)v,
= cQRuv, + 3uv,) = c(u, v)

which verifies property (3).

Finally, (u,u) = 2uju;, + 3u,u, = 2u; + 3u5 = 0
and it is clear that (u, u) = 2u; + 3u5 = 0 if and only if
u; = u, = 0 This verifies property (4)

that (u, v), as defined, is an inner product.



Example 7.2 can be generalized to show that if w,, . . ., w,, are positive scalars and
U V1
u=| : and v=| : are vectors in R”,
un V?I
then  (u,v) = wuywv, + - + wu,y,

defines an inner product on R", called a weighted dot product.

Recall that the dot product can be expressed asu « v = u'v.

Observe that we can write the weighted dot product in Equation (1) as
(u,v) = u'Wv

where Wisthen X n diagonal matrix W =

5/16



6/16

A -
B

Example 1.3 Let A be a symmetric, positive definite # X n matrix (see Section 5.5) and let u and v
be vectors in R". Show that

(u,v) = u’'Av

defines an inner product. -
Definition  Aninner product on a vector space V is an operation that assigns

to every pair of vectors u and v in V a real number (u, v) such that the following
properties hold for all vectors u, v, and w in V and all scalars c:

L(wv)=(vu

2.(u,v+w=(uv)+ (uw

3. (cu, v) = c(u,v)

4. (u,u) = 0 and (u, u) = O if and only ifu = 0

Solution We check that A vector space with an inner product is called an inner product space.

(,v) = u’Av = u- Av = Av-u

= Alv-u= (v'A) T u = vAu = (v, u)

2
To illustrate Example 7.3, let A = [ 7]. Then

Vi
2 7

4 =2
(u,v) = u'Av = [u; u,] [_ H } = duyv, — 2uyvy — 2upvy + Tuyv,

Va

Finally, since A is positive definite, (u, u) = u’Au > 0 for all u # 0,

so (u, u) = u’Au = 0ifand only ifu = 0.
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Example 1.4 In P, let p(x) = a, + a;x + a,x* and q(x) = by + b;x + byx*. Show that

(p(x), g(x)) = agb, + a;b; + a,b,

defines an inner product on %,. (For example, if p(x) = 1 — 5x + 3x* and q(x) =
6 + 2x — x*, then (p(x), g(x)) =16+ (=5)*2+3-(-1)=—7.)

Solution  Since %, is isomorphic to R’, we need only show that the dot product in R’

is an inner product, which we have already established. "
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Example 1.4 In P,, let p(x) = ay + a;x + a,x*and q(x) = by, + byx + b,x*. Show that

(p(x), q(x)) = ayb, + a,b, + a,b,

defines an inner product on %P,. (For example, if p(x) = 1 — 5x + 3x* and gq(x) =
6 + 2x — x*, then (p(x), ¢(x)) =16+ (=5)*2+3-(-1)=—7.)

Solution  Since %, is isomorphic to R, we need only show that the dot product in R’

is an inner product, which we have already established. &

Conclusion:

Since the operation (p(m), q(w)) = agby + a1b1 + a2by satisfies all four axioms (Symmetry,

Additivity, Homogeneity, and Positivity), it is a valid inner product on &?s.
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Example 1.5 Let fand gbe in €|

A -
'

a, b], the vector space of all continuous functions on the closed
interval [a, b]. Show that

b
() = | f00u0 d

defines an inner product on € [a, b]. R L AL+ x) dx = L SR
x  x 1 1 7
==+ ==+=-=—
{ 34 L 34 12
Solution We have
b b
If c is a scalar, then
fg) = | Fgtodx = | gooreo de = (g f)

a

¥ b
(cf,8) = f cf (x)g(x) dx = cf f(x)g(x) dx

= c(f, 2)
b
Finally, (f, f) = J (f(x))* dx = 0,and it follows from

a theorem ofcalculus that,

b
since f is continuous, (f, f ) = f (f(x))*dx =0

a

if and only if f is the zero function.

Therefore, (f,g)is an inner product on €[a, b].
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Properties of Inner Products

Theorem 1.1 Let u, v, and w be vectors in an inner product space V and let ¢ be a scalar.

a. (utv,w)=(uw + (v,w)
b. (u, cv) = c(u, v)
c. (0,00=(0,v)=0

Length, Distance, and Orthogonality

Definition  Letuand v be vectors inan inner product space V.

1. The length (or norm) of vis ||v| = V{(v,v).
2. The distance between u and vis d(u, v) = |u — v|.
3. u and v are orthogonal if (u, v) = 0.

Note that ||v| is always defined, since (v, v) = 0 by the definition of inner product, so
we can take the square root of this nonnegative quantity.

Asin R", a vector of length 1
is called a unit vector. The unit sphere in V is the set S of all unit vectors in V.
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Example 1.6
3x — 2 find

(@) [f] (b) d(f.g)

Solution (a) We find that
00 = | pede = | sta= ] <

so ||l = V{f.f) =1/V3.

>

Consider the inner product on €[0, 1] given in Example 7.5. If f(x) = x and g(x) =

() (£ 8)

(f8) = J flx)g(x) dx

a

(c) We compute

(f.g) = L f(x)g(x) dx = L x(3x — 2)dx

1
:J(?axz— 2x)dx = [x> — x?]} =0
0

Thus, fand g are orthogonal.
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Example 1.1 Using the inner product on R* defined in Example 7.2, draw a sketch of the unit
sphere (circle).

Solution Ifx = B
of all x such that |x| = 1, we have

1= x| = Vx.x) = V2x* + 3y* or 2x* + 3y’ =1

This is the equation of an ellipse, and its graph is shown in Figure 7.2.

], then (x, x) = 2x* + 3y2. Since the unit sphere (circle) consists

‘<

Figure 1.2

1
/3 A unit circle that is an ellipse

| L) T
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Theorem 1.2  Pythagoras’ Theorem

Let u and v be vectors in an inner product space V. Then u and v are orthogonal
if and only if

Jw + [ = fuf® + v

Proof  Asyou will be asked to prove in Exercise 32, we have
lu+v|]?=(w+vu+v)=||ul®+ 2uv)+ |v|?

It follows immediately that [u + v|* = |u||* + |v]|]* if and only if (u, v) = 0.

Orthogonal Projections and the Gram-Schmidt Process

an orthogonal set of vectors
in an inner product space V is a set {vy, . . . , v} of vectors from V such that

(v v;) = 0 whenever v; # v;.
An orthonormal set of vectors is then an orthogonal set of unit vectors.

An orthogonal basis for a subspace W of V is just a basis for W that is an orthogonal set;

an orthonormal basis for a subspace W of V is a basis for W that is an orthonormal set.



Example 1.8 Construct an orthogonal basis for %, with respect to the inner product

g = | Fegeo ds

-1

by applying the Gram-Schmidt Process to the basis {1, x, x*}.

Solution Letx, = 1, X, = x,and x; = x°. We begin by settingv, = x; = L
compute

1 1 1 x?‘ 1
(v, vy) = J dx = x} =2 and (v, x,) = J xdx = 7] =0
ad | — ] -1 -1

Therefore, v, = x, —

(vi, X3) (V2 X3) 2

v, —
(val) : (V2x Vz)

V3:X3_

L
3
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It follows that {v,, v,, v3} is an orthogonal basis for %, on the interval [—1, 1].

The polynomials 1, x, x? — 3

are

the first three Legendre polynomials.
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define the orthogonal projection proj (v)

of a vector v onto a subspace W of an inner product space. If {u;, ..., w} is an
orthogonal basis for W, then

perpy (V)

=7

i

///Pl'()jw(")
_ w
Then the component of v orthogonal to W is the vector

Figure 1.3

perpy(v) = v — projy(v)

As in the Orthogonal Decomposition Theorem (Theorem 5.11),
projw(v) and perp,,(v) are orthogonal (see Exercise 43),
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The Cauchy-Schwarz and Triangle Inequalities

Theorem 1.3  The Cauchy-Schwarz Inequality

Let uand v be vectors in an inner product space V. Then

(w, v = [ullv]

with equality holding if and only if u and v are scalar multiples of each other.

Proof If u = 0, then the inequality is actually an equality, since

Ifu # 0, then let W be the subspace of V spanned by u.

(u, v)

(u, u)

Since projy,(v) = u

we can apply Pythagoras’ Theorem to obtain

Ivl?

Iprojw (V) || + || perpy (v) ||?

It follows that |projy (v) [|* = ||v]
v (wv) _ (u, v)\? e
) <<u, w)™ (u, u>“> (<u, u>> o

>
wv
%uﬂ)z or, equivalently, (u, v)* = [u?|v|?

Taking square roots, we obtain |(u, v)| = |lul|||v|.

(w,v) (v

(wu)  u)?

Now [[projw (v)|*

= |vI*

so we have

0, v)l = 0 = [lo]|[|v]

and perpy, v = v — proj,(v) are orthogonal,

[projw(v) + (v = projy () [* = [[projw(v) + perpy (v)|?

Clearly this last inequality is an equality

if and only if ||projy (V)[|* = [v]*

(u, v)

vV = projy(v) = u

(u, u)

If this is so, then v is a scalar multiple of u. Conversely, if v = cu, then

(u, cu) B c(u, u)

perpy(v) = v — projy(v) = cu — ) u=cu (w u) u=

so equality holds in the Cauchy-Schwarz Inequality.




Theorem 7.4  The Triangle Inequality

Let uand v be vectors in an inner product space V. Then

Ju v = fluf + |v|

Proof Starting with the equality you will be asked to prove in Exercise 32, we have
Jw+ v[* = [luf® + 2(u,v) + |v]’
=< [lu|* + 2/ w, v + [v|?
< Jul + 2fuf [v + [¥|* by Cauchy-Schwar:
= (Jull + [lv[)?

Taking square roots yields the result.

TEXEI’GiSBS 1.1 2,57, 14,18, 28, 32, 33

A

:
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