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Theorem 6.15 showed that a linear transformation T : V — W is

completely determined by its effect on a spanning set for V.

Theorem 6.15 Let T: V— W be a linear transformation and let B = {vy, ..., v,} be a spanning

set for V. Then T(B) = {T(v,), ..., T(v,)} spans the range of T.

In particular, if we know how T acts on a basis for V,

then we can compute T'(v) for any vector vin V.

We implicitly used this important property of linear transformations in Theorem 3.3

to help us compute the standard matrix of a linear transformation T:R" —» R™

Theorem 3.31 Let T: R" — R™ be a linear transformation. Then T is a matrix transformation.
More specifically, T = T,, where A is the m X n matrix

A= [T(el) T(ez) T(en)]

In this section, we will show that every linear transformation between

finite-dimensional vector spaces can be represented as a matrix transformation.
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r Y, "
V is an n-dimensional vector space,
r1 ( l R lg W is an m-dimensional vector space,
T:V — W is a linear transformation.
Rn Rnl
MgSeT R T [T Let B and C be bases for Vand W,

Figure 6.11

Then the coordinate vector mapping R(v) = [v]z defines

an isomorphism R: V— R".

we have an isomorphism S: W — R" given by S(w) = [w],,

allows us to associate the image T'(v) with the vector [T(v)]¢ in R™.
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Y T A
R~! ( lR ls
[Rn Rnl
® @@ —————— > ©
[VIgSeT°R™! [T(V)]e

Figure 6.11
Since R is an isomorphism, it is invertible, so we may form the composite mapping
SoTeR ':R"—> R™ which maps [v]z to [T(v)]c.

Since this mapping goes from R” to R™, that it is a matrix transformation.

What, then, is the standard matrix of SoT oR™1?

We would like to find the m X n matrix A such that A[v]z = (ST o R7)([v]p).

Or, since (Se T o R ') ([v]g) = [T(v)]e werequire A[v]z = [T(V)],



5/27

It turns out to be SurprISlngly eaSY to ﬁnd Theorem 3.31 Let T: R" — R™ be a linear transformation. Then T is a matrix transformation.

More specifically, T = T, where A is the m X # matrix

The basic idea is that of Theorem 3.31. A = [T(e)i T(e)i -~  Tle,)]

The columns of A are the images of the standard basis vectors for R” under So Te R™".

< ith entry

But, if B = {v,,...,v,}isabasis for V,then R(v) = [v,]z = 1 = e

1

soR '(e) = v.

Therefore, the ith column of the matrix A we seek is given by

(S o T ® R_l)(el-) = S(T(R_l(ei))) — S(T(Vz)) [T(Vi)]C

which is the coordinate vector of T (v;) with respect to the basis C of W.
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Theorem 6.26  Let v and W be two finite-dimensional vector spaces with bases B and C, respec-

tively, where B = {vy,...,v,}. If T: V— W is a linear transformation, then the
m X n matrix A defined by

A= [[Tv)le [ [TV i1 [T(V,)]c]
satisfies

Alv]z = [TV ]

for every vector vin V.

The matrix A is called the matrix of T with respect to the bases B and C.

The relationship is illustrated below.

T.\
[vlg — Alv]lg = [T(V)]¢

(Recall that T, denotes multiplication by A.)
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Remarks

® The matrix of a linear transformation T with respect to bases 5 and C is
denoted by [T]cep.

thefinalequation in Theorem 6.26 becomes [T |cplvlz = [T(V)],

“The matrix for T times the coordinate vector for v

gives the coordinate vector for T(v).”

In the special case where V.= Wand B = C, we write [ T] 5 (instead of [ T] g_p).

Theorem 6.26 then states that [T1glvlg = [T(V) ]z

Remarks
® The matrix of a linear transformation with respect to given bases is unique.

That is, for every vector v in V, there is only one matrix A with the property specified

by Theorem 6.26—namely,
Alv]lg = [TW)]c
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Remarks

* The diagram that follows Theorem 6.26 is sometimes called a commutative

diagram because we can start in the upper left-hand corner with the vector v and get
to [T (v)]¢ in the lower right-hand corner in two different, but equivalent, ways.

If we denote the coordinate mappings that map vto [v]3 and w to [w], by R and §,

then we can summarize this “commutativity” by So T = T, o R

The reason for the term commutative becomes clearer when V= W and B = C, for

then R = Stoo,andwehave RoT = T, °R

suggesting that the coordinate mapping R commutes with the linear transformation T

(provided we use the matrix version of T—namely, T, = T, —whereitis required).

Remarks

® The matrix [T]..z depends on the order of the vectors in the bases I3 and C.
Rearranging the vectors within either basis will affect the matrix [T].. 5.

[See Example 6.77(b).]
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Example 6.76

\

Let T : R> — R? be the linear transformation defined by

<

X and let B = {e,, e,, e;} and
r T|y|= [ = ] £ = 3 2
x+y—3z = {e,, e;} be bases for R’ and R*.
¢ 1
Find the matrix of T with respect to BB and C and verify Theorem 6.26 forv = o |[s

Solution compute

T(e,)

Therefore, the matrix of T with respect to 5 and C is
[Tlees = [[T(e)]e [T(e)]le [T(es)lc]

A

|

1
1

1
—2

-3
0

|

}, T(e,) = ﬁ] T(e,) = [_

we need their coordinate vectors with respect to C.

1 —2 0
1 = 62 + el, 1 = 82 - 261, _3 = _362 + Oel

To verify Theorem 6.26 for v, we first compute

1
-5
Twv)=T| 3|= [10}

Using all of these facts, we confirm that

1
1 —
A[v15=ﬁ . 3} 3 =[_“5’}=[T(v)1c

-2
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>

Example 6.71

\4

Let D : P; — P, be the differential operator D(p(x)) = p'(x). Let B = {1, x, x% x°}
and C = {1, x, x*} be bases for %; and %,, respectively.

(a) Find the matrix A of D with respect to B and C.

(a) Sincetheimages of the basis B under D are D(1) = 0, D(x) = 1, D(x?%) = 2x,and
D(x’) = 3x?, their coordinate vectors with respect to C are

0 1

0 0
[DW)]e={0], [DXIc=|0|, [D&A)]c=|2] [Dx)]c=]0
0 3

0 0
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'

Example 6.717 Let D : ®; — P, be the differential operator D(p(x)) = p’(x). Let B = {1, x, x* x°}
and C = {1, x, x°} be bases for %, and P,, respectively.

l (b) Find the matrix A" of D with respect to B’ and C, where B’ = {x°, x% x, 1}.

Solution
(b) Since the basis B’ is just BB in the reverse order, we see that

D(x*)]e | [D(X)]¢ | [D(1)]c]

—

A = [D]C<—B' — [[D(XB)]

|
w o o
© NN O
c o~ o
o o o©

(This shows that the order of the vectors in the bases BB and C affects the matrix of a
transformation with respect to these bases.)
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'

Example 6.71

Let D : P; — P, be the differential operator D(p(x)) = p’(x). Let B = {1, x, x% x°}
and C = {1, x, x*} be bases for %, and P,, respectively.

(c) Using part (a), compute D(5 — x + 2x°) and D(a + bx + cx* + dx°) to
verify Theorem 6.26.

Solution
(c) First we compute D(5 — x + 2x%) = —1 + 6x° directly,
getting the coordinate vector
—1
[DG5 —x+2x)]e=[-1+6x*]p=]| O
6
) - 5
01 0 0] _} -1
A5—x+2x*]z=10 0 2 0 5l = 0|=[DG-x+2x)]c
0 0 0 3 5 6

which agrees with Theorem 6.26.



13/27

Example 6.78 Let T: P, — P, be the linear transformation defined by

T(p(x) =p2x — 1)
vV  (a) Find the matrix of T with respect to & = {1, x, x°}.

Solution (a) We see that
T(1)=1, T(x)=2x—1, T(x})=02x — 1> =1 — 4x + 4x?

Therefore,

o o

|
=
I
N
(I

[Tle= ([T | [T@]e | [TGD)]e] = {
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Example 6.78 Let T: %, — P, be the linear transformation defined by

T(p(x)) = p(2x — 1)
v (b) Compute T(3 + 2x — x?%) indirectly, using part (a).

(b) We apply Theorem 6.26 as follows:

The coordinate vector of p(x) = 3 + 2x — x* with respect to € is
3

[p(X)]e=| 2
—1

It follows that T(3 + 2x — x*) = 0+1 + 8-x — 4-x> = 8x — 4x°.

[Verify this by computing T(3 + 2x — x*) = 3 + 2(2x — 1) — (2x — 1)* directly.]
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Example 6.79 Let 9 be the vector space of all differentiable functions. Consider the subspace W of
% given by W = span(e®, xe™, x°e**). Since the set B = {e*, xe**, x%e*} is linearly

» independent (why?), it is a basis for W.

Y
(a) Show that the differential operator D maps W into itself.

(b) Find the matrix of D with respect to B.

Solution (a) Applying D to a general element of W, we see that
D(ae™ + bxe®™ + cx’e™) = (3a + b)e® + (3b + 2c)xe™ + 3cxle™

(check this), which is again in W.

3 1
[D(e™)]g=1]0], [D(xe3x)]3[3],
| 0] 0
o It follows that 31 0
[D(x%*)]5 = | 2 [D]s = [[D(e*)]5 [[D(xe™)]5|[D(x*e™)]5] = |0 3 2
B 0 0 3
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Example 6.179 Let 9 be the vector space of all differentiable functions. Consider the subspace W of
% given by W = span(e™, xe™*, x’e’*). Since the set B = {e*, xe**, x%¢*'} is linearly

. independent (why?), it is a basis for W.

¥ (c) Compute the derivative of 5¢* + 2xe™ — x%e™ indirectly, using Theorem 6.26,

and verify it using part (a).

(c) For f(x) = 5e> + 2xe™ — x’e™, wesee by inspection that

5

f)lg=1] 2
—1

which, in turn, implies that f'(x) = D(f(x)) = 17> + 4xe™ — 3x%e™,

in agreement with the formula in part (a).
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Solution LetB = {v,,..

[I(VI)]B -

>

Let V' be an n-dimensional vector space and let I be the identity transformation on
V. What is the matrix of I with respect to bases B and C of V if B = C (including the

order of the basis vectors)? What if B # C?

,v,.}. Then I(v)) = vy, ..., I(v,) = v,, 50
-1 -0
Clen I6Is= | [=e 0n )15 =
o 0.

Inthe case B # C, we have
[I(Vl)]C = [viles ..o [I(Vn)](:: [v.]c
[I]C<—B = [[VI]C E o E[VH]C] = Pc<—[3

the change-of-basis matrix from B to C.
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Matrices of Gomposite and Inverse Linear Transformations

Theorem 6.21 1et U, V, and W be finite-dimensional vector spaces with bases B, C, and D,

respectively. Let T: U— Vand S: V— W be linear transformations. Then

[Se Tlpep = [SlpclTleens

Remarks
* In words, this theorem says, “The matrix of the composite is the product of

the matrices.”

* Notice how the “inner subscripts” C must match and appear to cancel each

other out, leaving the “outer subscripts” in the form D « B.
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>
a

b

Example 6.81

Use matrix methods to compute (S ° T)[ } for the linear transformations S and T of

Example 6.56.

Solution Recall that T: R* > P, and S: P, — P, are defined by

a
T[b} =a+ (a+ b)x and S(a + bx) = ax + bx?

Thus, by Theorem 6.26,
a a
o T — o T e
oonfy]|, = e medy)

By Theorem 6.27, the matrix of S o T with respect to £ and £” is

Il
—_— - O

[(So T)]s"<—5 = [SlgeelTleee

Lo

Consequently,

0
0] a
1 (SOT)[IJ =ax + (a + b)x*
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Theorem 6.28 Let 7': V— W bealinear transformation between #-dimensional vector spaces V

and W and let B and C be bases for V and W, respectively. Then T is invertible if
and only if the matrix [ T]..j is invertible. In this case,

([Tleen) ' = [T 'pec

Example 6.82 In Example 6.70, the linear transformation T : R* — %P, defined by

T[a] =a+ (a+ bx

\/ b

1 0
Solution In Example 6.81, [T]oes = [1 1]

By Theorem 6.28, it follows that the matrix of T ' with respect to £’ and & is

1 0] 1 0
[Tl]gﬁg':([T]g'«—s)_]:ll J :[_1 1]

This means that

T '(a + bx) = ae, + (b — a)e,

:{bia]



21/27

=
Example 6.83 Show that the differential operator, restricted to the subspace W = span(e®, xe’,
x*e) of @, is invertible, and use this fact to find the integral
v sze3x dx
Solution In Example 6.79, we found the matrix of D
with respect to the basis B = {e’*, xe’*, x%¢*} of W to be
31 0
[D]s=1]0 3
0 0 3 by Theorem 6.26,
Ux%”dx] = [D ' (x%™)]5
B
= [D ']gx%e™] 5
s 7y 2 |[0 3
1o 1 = flo] =
1 1
Since integration is antidifferentiation, 0 0 3Ll 3
this is the matrix corresponding to integration on W.
We want to integrate the function x*e>* whose It follows that
coordinate vector is 0 5 B s 3 5 g i 5%
[x%e*]z =10 xedx = 55 — sxe” + 3x%e™

1
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GChange of Basis and Similarity

Theorem 6.29

Let V be a finite-dimensional vector space with bases Band Cand let T: V— V
be a linear transformation. Then

(T), = P'[T)p  Tlee—c = FoplTlg—ph—c
where P is the change-of-basis matrix from C to B. T Ny T

Same Same

Same
% T % With this notation, P[T]c¢ = [T]pgP
— basis C = _
oV °T(v) ; ] 0 [Tleee =P '[TlgepP or [Tlc= P '[T]gP
l 7 il Thus, the matrices [T]zand [T] . are similar,
v - v the matrix of T in this case is [ T] z.
_— basis B
oV °T(v) } e But [T]gee = [I°T]gee = [IlgeclT]lcec
Figure 6.12 and [T]gec = [ToIlgee = [Tlgesll]lpc
[oT=To]

if the “upper” version of T is with respect to the basis C

and the “lower” version is with respect to B,

then T = Io T = T o [Iis with respect to C in its domain
and with respect to B in its codomain

Therefore, [I]sec[T]lceec = [TlzeplI]gec-

From Example 6.80, we know that [I]z¢ = Pgec

the (invertible) change-of- basis matrix from C to B.

If we denote this matrix by P, then we also have

P_l - (PB<—C)_1 - PC<—B



Example 6.84 Let T: R — R? be defined by

, |

Solution The matrix of T with respect to the standard basis £ is

1 3
[T]e = {2 5

] is diagonalizable Example 4.24.

If we let C be the basis of R* consisting of the columns of P, then
P is the change-of-basis matrix P¢. . from C to €&.

By Theorem 6.29, [T]¢ = P '[T).Pp=D

1 3
so the matrix of T with respect to the basis C = { [1] [_2] } is diagonal.

Definition Let V be a finite-dimensional vector space and let T: V —> V be a
linear transformation. Then T is called diagonalizable if there is a basis C for V
such that the matrix [T ] is a diagonal matrix.

x] B [x+3y]
h% 2x + 2y

It is easy to check that the solution above

is correct by computing [T'] - directly.

(HHEEHAC
)= 5=l

the coordinate vectors that form the
columns of [T are

) o]
el

in agreement with our solution.
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Let € be the line through the origin in R* with direction vector d = [ 1}. Find the

standard matrix of the projection onto .

X\
\
Solution Let T denote the projection. 5
\
assuming that d is a unit vector (ie., d} + d3 = 1), X ot
_ _ 7(y) )
since any nonzero multiple of d can serve as a direction vector for £. S > x
/\A'
! _d2 !
Let d' = so that d and d' are orthogonal. ¥y
d, Figure 6.13
Since d’ is also a unit vector, the set D = {d,d’] is an orthonormal basis for R’ Projection onto {

As Figure 6.13 shows, T(d) = dand T(d’) = 0. Therefore,

[T(d)]p = [(ﬂ and [T(d")]p = [8}

SO [T]D:[l 0]

By Theorem 6.29,

[T]e = Peep[T]pPperse
! [dl —d2H1 o” d, d2] - [df dldz]
dz dl 0 0 _dz dl dldz d%

which agrees with part (b) of Example 3.59.
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Example 6.86 Let T: %, — P, be the linear transformation defined by
T(p(x) = p(2x — 1)

YV (a) Find the matrix of T with respect to the basis B = {1 + x,1 — x, x*} of P,.

Solution (a) In Example 6.78, we found that the matrix of
T with respect to the standard basis & = {1, x, x2} is

1 -1 1
0 0 4

It follows that the matrix of T with respect to Bis [T]z = P™'[T]¢P

olft —1 1][1 1 o0 1 0 -3
0 2 —4||1 -1 0| =|-1 2 2
1/lo 0 4]0 o0 1 0 0 4

|

O M= M=
|

O = o=
o



26/27

Example 6.86

\

Let T: %, — P, be the linear transformation defined by

T(p(x)) = p(2x — 1)
(b) Show that T is diagonalizable and find a basis C for %, such that [T ],
is a diagonal matrix.

(b) The eigenvalues of [T]. are 1, 2, and 4 (why?), so we know from Theorem 4.25
that [ T]; is diagonalizable.

Eigenvectors corresponding to these eigenvalues are

—1 1
1], | =2
0 1

Furthermore, P is the change-of-basis matrix from a basis Cto &,

and the columns of P are thus the coordinate vectors of C in terms of €£.

It follows that C = {1, -1 + x,1 — 2x + x*} and [T]. = D.



Theorem 6.30

TEXGI‘GiSES 6.6

The Fundamental Theorem of Invertible Matrices: Version 4

Let A be an n X »n matrix and let T: V — W be a linear transformation whose
matrix [ T]. 5 with respect to bases 3 and C of V and W, respectively, is A. The

following statements are equivalent:

AT S R e An o

=

e Harg o

A is invertible.

Ax = b has a unique solution for every b in R".
Ax = 0 has only the trivial solution.

The reduced row echelon form of A is I,,.

A is a product of elementary matrices.

rank(A) = n

nullity(A) =0

The column vectors of A are linearly independent.

The column vectors of A span R".

The column vectors of A form a basis for R".
The row vectors of A are linearly independent.
The row vectors of A span R".

. The row vectors of A form a basis for R".

detA # 0

0 is not an eigenvalue of A.
T is invertible.

T is one-to-one.

T is onto.
ker(T) = {0}
range(T) = W

R

3,6,9, 17,21, 24, 32, 33
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