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The Kernel and Range of a Linear Transformation
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The null space and column space are two of the fundamental subspaces associated

with a matrix. In this section, we extend these notions to the kernel and range of a
linear transformation.

Definition Let T: V— W be alinear transformation. The kernel of T, denoted
ker(T), is the set of all vectors in V that are mapped by T to 0 in W. That is,

ker(T) = {vin V: T(v) = 0}

The range of T, denoted range(T), is the set of all vectors in W that are images of
vectors in V under T. That is,

range(T) = {T(v) : vin V}

= {win W:w = T(v) for some vin V}
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Example 6.99 Let A be an m X »n matrix and let T = T, be the corresponding matrix transformation
from R" to R™ defined by T(v) = Av.

the range of T is the column space of A.

The kernelof Tis  ker(T) = {vinR": T(v) = 0} = {vinR": Av = 0} = null(A)

In words, the kernel of a matrix transformation is just the null space of the

corresponding matrix.
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Example 6.60 Find the kernel and range of the differential operator D : #; — %, defined by
D(p(x)) = p'(x).

But b + 2cx + 3dx® = 0if and only if b = 2c = 3d = 0, which implies that
b= c¢= d= 0. Therefore,
ker(D) ={a+bx+ cx*+dx’:b=c=d=0} ={a:ainR}

In other words, the kernel of D is the set of constant polynomials.

The range of D is all of ?,, since every polynomial in P, is the image under D (i.e.,

the derivative) of some polynomial in %,

b
To be specific,ifa + bx + cx*isin P, then a + bx + cx? = D(ax + (E}cz + (§>x3)
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Example 6.61 LetS: %P, — R bethelinear transformation defined by

1

S(p(x) = J plx)dx
Y 0
Find the kernel and range of S.

b | b b
ax-l——xz} :(a+)—0=a+
2 0 2 2

Solution 1
Sla + bx) = J (a + bx)dx =
0

Geometrically, ker(S) consists of all those linear polynomials whose graphs have the
property that the area between the line and the x-axis is equally distributed above and

/ e below the axis on the interval [0, 1] (see Figure 6.7).

| S
l 1
T T T
y
=

b

2 ] The range of Sis R,

since every real number can be obtained as the image under S of some polynomial in ;.
Figure 6.1

1
b, For example, if a is an arbitrary real number, then J adx = [ax]l=a—-0=a
y=— +bx
2 0

-1

thenJ ydx =0 SO a = S(a)
0
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Example 6.62 Let T : M,, — M,, be the linear transformation defined by taking transposes:
T(A) = AT, Find the kernel and range of T.

Butif A’ = O,then A = (AT)! = O = O. It follows that ker(T) = {O}.

Since, for any matrix A in M,,,
we have A = (A")! = T(A") (and A’ is in M,,),

we deduce that range(T) = M,,.

In all of these examples, the kernel and range of a linear transformation are subspaces
of the domain and codomain, respectively, of the transformation.
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Theorem 6.18 Let T: V— Wbea linear transformation. Then:
ker(T)
a. The kernel of T is a subspace of V. \1@)

b. The range of T is a subspace of W. v 0
T W

Figure 6.8
The kernel and range of T: V— W

FE# ERENn—ESINEnEXITHE -
BT :V — W 2RIESEH - 1180

T(u+ (u) + T(v), T(cu) = eT'(u).

EERGE - BER T(0y) — Oy, RESFHEEMT(0)=0-

(b) Since 0 = T(0), the zero vector of W is in range(T), so range(T) is nonempty.

Let T(u) and T(v) be in the range of T and let ¢ be a scalar.
Then T(u) + T(v) = T(u + v) is the image of the vector u + v.

Since u and v are in V, so is u + v, and hence T(u) + T(v) is in range (T).

Similarly, cT(u) = T(cu). Since uisin V, so is cu, and hence ¢T(u) is in range(T).

Therefore, range(T) is a nonempty subset of W that is
closed under addition and scalar multiplication, and thus it is a subspace of W.
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In Chapter 3, we defined the rank of a matrix to be the dimension of its column
space and the nullity of a matrix to be the dimension of its null space. We now extend
these definitions to linear transformations.

Definition Let T: V — W be a linear transformation. The rank of T is the
dimension of the range of T and is denoted by rank(T). The nullity of T is
the dimension of the kernel of T and is denoted by nullity(T').

A -
'

Example 6.63 If Aisa matrix and T = T, is the matrix transformation defined by T'(v) = Av, then
the range and kernel of T are the column space and the null space of A, respectively,
by Example 6.59. Hence, from Section 3.5, we have

rank(T) = rank(A) and nullity(T) = nullity(A)
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Example 6.64 Find the rank and the nullity of the linear transformation D : ?; — P, defined by
D(p(x)) = p'(x).

Solution In Example 6.60, we computed range (D) = P,, so
rank(D) = dim%®, = 3
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Example 6.63 Find the rank and the nullity of the linear transformation S: %, — R defined by

v S(p(x)) = L p(x) dx

Solution  From Example 6.61, range(S) = R and rank(S) = dim R = 1.

Also, ker(S) = {—g + bx:bin IR?}

= {b(—3 + x): bin R}

= span(—3 + x)

SO {—% + x} is a basis for ker(S). Therefore, nullity(S) = dim(ker(S)) = 1.

Example 6.66 Find the rank and the nullity of the linear transformation T : M,, — M,, defined by

T(A) = AT,

>
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In Chapter 3, we saw that the rank and nullity of an m X n matrix A are related
by the formula rank(A) + nullity(A) = n. This is the Rank Theorem (Theorem 3.26).

Since the matrix transformation T = T, has R" as its domain, we could rewrite the

relationship as rank(A) + nullity(4) = dim R”

Theorem 6.19 The Rank Theorem

Let T: V— W be a linear transformation from a finite-dimensional vector space
Vinto a vector space W. Then

rank(T) + nullity(T) = dim V




Theorem 6.19 The Rank Theorem 12/25

Let T: V— W be a linear transformation from a finite-dimensional vector space
Vinto a vector space W. Then

rank(T) + nullity(T) = dim V

Proof
Let dim V = n and let {v,, ..., v} be a basis for ker(T)

[so that nullity(T) = dim(ker(T)) = k.
Since {vy, ..., v} is a linearly independent set, it can be extended to a basis for V, by Theorem 6.28.

Let B={v,..., Vi, Viip»...,V,} be such a basis.
If we can show that the set C = {T(v;.;), ..., T(v,)} is a basis for range(T), then we
will have rank(T) = dim(range(T)) = n — k and thus
rank(T) + nullity(T) =k + (1 — k) = n=dimV  as required.
Certainly C is contained in the range of T. To show that C spans the range of T, let
T(v) be a vector in the range of T.
Then vis in V, and since B is a basis for V, we can find scalars ¢y, .. ., ¢, such that
V=Vt v T G Vi T vy,
Since vy, ..., Vi are in the kernel of T, we have T'(v,) = - - - = T(v) = 0, so
T(V) = T(CIV] + oot CrVyi + Cr+1Vk+1 + -t C”V”)
=¢T(v) + -+ ¢Tv) + ¢, Tlvi ) + - + ¢, T(v,)
= G T(Vey) + -+ + ¢, T(v,) This shows that the range of T is spanned by C.




Theorem 6.19 The Rank Theorem

Let T: V— W be a linear transformation from a finite-dimensional vector space
Vinto a vector space W. Then

rank(T) + nullity(T) = dim V

To show that C is linearly independent,

suppose that there are scalars ¢, 1, ..., ¢, such that ¢, T(v,,,) + -+ ¢, T(v,) = 0

Then T(c,s Vs, + - + ¢,v,) = 0, which means that ¢, v;.; + -+ + ¢,v, is in the
kernel of T and is, hence, expressible as a linear combination of the basis vectors

Vi, ..., v ofker(T)

Chr1Viry T 7" T €V, = V] T = T Vg
Butnow c¢v, + -+ Vi — GuViey — - — ¢V, = 0
and the linear independence of BB forcesc, =+ = ¢, = 0.
In particular, ¢, =~ = ¢, = 0, which means C is linearly independent.

Wehave shown that C is a basis for the range of T, so,
by our comments above, the proofis complete.

13/25
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Example 6.67 Find the rank and nullity of the linear transformation T : P, — P; defined by
T(p(x)) = xp(x). (Check that T really is linear.)

Solution we have
T(a + bx + cx?) = ax + bx?® + cx3

so we have nullity(T) = dim(ker(T)) = 0.
The Rank Theorem implies that rank(T) = dim P, — nullity(T) = 3 — 0 = 3
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Example 6.68 Let W be the vector space of all symmetric 2 X 2 matrices. Define a linear transfor-
mation T : W—> P, by T[4
T[b ] ={a—b) + (b — x + (¢ — a)x*
¢

\
(Check that T is linear.) Find the rank and nullity of T.

:(a—b)+(b—c)x+(c—a)x2=0}

:(a—b)=(b—c)=(c—a)=0}
N R P SR ()
b o] T T Ue . _Span(11

1 1
Therefore, { L J } is a basis for the kernel of T, so nullity(T) = dim(ker(T)) = 1.

Il
— —/— —/
I 1
SW SR
o o« o S
J L

The Rank Theorem tell us that rank(T) = dim W — nullity(T) = 3 — 1 = 2.
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One-to-One and Onto Linear Transformations

Definition A linear transformation T: V — W is called one-to-one if T maps
distinct vectors in V to distinct vectors in W. If range(T) = W, then T is called onto.

T:V — W isone-to-one if, for allu and vin V,

u # vimplies that T(u) # T(v) ‘ >

T:V — Wisone-to-one if, foralluand vin V,

(a) T is one-to-one

T(u) = T(v) implies thatu = v el

TEARIE B > Onto (BRRK/ARST) IERVEARIEEA T V> WH{EIE (Range/lmage) ¥
FRE gL (Codomain) W e EREMEHEE W HHE—(EREEREREEE - EERR .

N Ax = b & A% onto > R-EHMER b BEFRENKBEEE -

74 w
(b) T is not one-to-one
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T:V — W is onto if, for all win W, there is at least one vin V such that

w = T(v)

vV

(a) T is onto (b) T is not onto
Figure 6.10

Example 6.69 Which of the following linear transformations are one-to-one? onto?
2x
(a) T:R>— R’ defined by T[x] =|x—y
y
0

f

T is not onto, since its range is not all of R°.

X

. (Why not?)
Y

To be specific, there is no vector [

] in R? such that T{x] =
y

— O O
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Example 6.69 Which of the following linear transformations are one-to-one? onto?

(b) D:%P;— P, defined by D(p(x)) = p'(x)
(c) T:M,,— M,,defined by T(A) = AT

(b) In Example 6.60, we showed that range(D) = %,, so D is onto.
D is not one-to-one, since distinct polynomials in %; can have the same derivative.

For example, x* # x* + 1, but D(x*) = 3x* = D(x* + 1).

(c) Let A and B be in M,,, with T(A) = T(B).
Then AT = BT, s0 A = (AD)T = (BT) = B.  Hence, Tis one-to-one.

In Example 6.62, we showed that range(T) = M,,. Hence, T is onto.
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Theorem 6.20 A linear transformation T: V — W is one-to-one if and only if ker(T) = {0}.

Conversely, assume that ker(7T') = {0}.

To show that T'is one-to-one, let uand vbe in Vwith T(u) = T(v).
Then T(u —v) = T(u) — T(v) = 0, which implies thatu — v is in the kernel of T.

But ker(T') = {0}, so we must have u — v = 0 or, equivalently, u = v.

This proves that T is one-to-one.




Example 6.70

Show that the linear transformation T : R* — %, defined by

T[Z} =a+ (a + bx

is one-to-one and onto.

Bythe Rank Theorem, rank(T) = dim R* — nullity(T) = 2 — 0 = 2

Therefore, the range of T is a two-dimensional subspace of R?

and hence range(T) = R?. It follows that T is onto.

20/25
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Theorem 6.21 Let dim V = dim W = u. Then a linear transformation T : V — W is one-to-one

if and only if it is onto.

Proof  Assume that T is one-to-one. Then nullity(T) = 0 by Theorem 6.20

The Rank Theorem implies that
rank(T) = dim V — nullity(T) = n — 0 = n

Therefore, T is onto.

Conversely, assume that T is onto. Then rank(T) = dim W = n.

By the Rank Theorem,
nullity(T) = dim V — rank(T) = n — n =0

Hence, ker(T) = {0}, and T is one-to-one.

Theorem 6.22 Let T: V— W be a one-to-one linear transformation. If S = {v;, ..., v} is a lin-

early independent set in V, then T(S) = {T(v,), ..., T(v})} is a linearly indepen-
dentsetin W.

Corollary 6.23 Let dim V = dim W = n. Then a one-to-one linear transformation T: V — W

maps a basis for V to a basis for W.
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Example 6.71 Let T: R* — P, be the linear transformation from Example 6.70, defined by

Tm =a+ (a+ bx

Then, by Corollary 6.23, the standard basis £ = {e,, e,} for R* is mapped to a basis
T(E) = {T(e,), T(e,)} of P,.

1 0
We find that T(e,) = T{O} =1+ x and T(e,) = TL} = x

It follows that {1 + x, x} is a basis for P,.

Theorem 6.24 A linear transformation T : V --» W is invertible if and only if it is one-to-one
and onto.
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Definition A linear transformation T: V — W is called an isomorphism if it
is one-to-one and onto. If V.and W are two vector spaces such that there is an iso-
morphism from V to W, then we say that V is isomorphic to W and write V = W.

Example 6.72 Show that ?,_, and R" are isomorphic.

If p(x) = ay + a)x +-- -+ qa,_,x" 'isin the kernel of T, th

ay 0
=Tlay + ax +---+a, x" ') =
Ay—1 0
Hence,ay =a, =" =a,-, = 0,s0 p(x) = 0.

Therefore, ker(T') = {0}, and T is one- to-one.
Since dim %,_, = dim R" = », T is also onto, by Theorem 6.21.

Thus, T is an isomorphism, and ,_, = R".
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Example 6.713 Show that M,,,, and R™ are isomorphic.

Solution  Once again, the coordinate mapping from M,,, to R™ (as in Example 6.36)
vV is anisomorphism. The details of the proof are left as an exercise.

Theorem 6.25 Let Vand W be two finite-dimensional vector spaces (over the same field of scalars).
Then Vis isomorphic to Wifand onlyifdim V = dim W.

Example 6.14 Show that R" and P, are not isomorphic.
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Example 6.75 Let W be the vector space of all symmetric 2 X 2 matrices.

Show that W is isomorphic to R”.

Solution In Example 6.42, we showed that dim W = 3. Hence, dim W = dim R’,

so W = R’ by Theorem 6.25. (There is an obvious candidate for an isomorphism
T: W —>R°. Whatis it?)

Tixercises 6.5 2,3,6,9, 13,16, 19, 22, 24, 33
'
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