. 114-2 r
4@ (=)

O

AL AR

LINearAIgena. | sgee+-m x
4 s

©
@/

iy F

Lol Linear Transformations

https://nmwu.idv.tw



2, 5, 8, 11, 14, 17, 19, 23, 35

2/14

We encountered linear transformations in Section 3.6 in the context of matrix trans-

formations from R" to R™. In this section, we extend this concept to linear transfor-
mations between arbitrary vector spaces.

Definition A linear transformation from a vector space V to a vector space
W is a mapping T : V— W such that, for all uand vin V and for all scalars c,

L. Ta+v)=T(u) + T(v)
2. T(cu) = cT(u)

T:V — Wisalinear transformation if and only if

Tlcyvy + ¢vy + + =+ + gvp) = 6 Tlwy) = G TV ISR S

forall vi,...,viin V and scalarsc,, .. ., c.
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Theorem 3.30 Let Abeanm X nmatrix. Thenthe matrix transformation T, : R" — R™ defined by

T,(x) = Ax (forxin R")

is a linear transformation.

A -
=

Example 6.49 Every matrix transformation is a linear transformation. That is, if A is an m X n
matrix, then the transformation T, : R" — R™ defined by

T,(x) = Ax for xin R"

is a linear transformation. This is a restatement of Theorem 3.30. I

Example 6.50 Define T : M,,, — M,, by T(A) = A". Show that T'is a linear transformation.
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i

Example 6.91 Let D be the differential operator D : & — & defined by D(f) = f'. Show that D is a
linear transformation.

Solution Let f and g be differentiable functions and let ¢ be a scalar. Then, from
calculus, we know that

D(f+g=(+g =f+¢g =D()+ D)

and D(cf) = (¢f)' = ¢f" = cD(f)

Hence, D is a linear transformation. T

>

Example 6.52 Define S: €[a, b] — R by S(f) = f;f(x) dx. Show that S is a linear transformation.

b b b
S(ef) = [ (cf)x)dx = J f(x)dx = cj f(x)dx = cS(f) It follows that S is linear.

a




Example 6.53 Show that none of the following transformations is linear:

(a) T:M,, = R defined by T(A) = det A
v (b) T:R — R defined by T(x) = 2*
(c) T:R— R defined by T(x) = x + 1

Solution  give a specific counterexample

1 0 1 O
(a) LetA = [ }andB = [ }.ThenA + B = [ },so
0 0 1 0 1
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Example 6.53 Show that none of the following transformations is linear:
(a) T:M,,— R defined by T(A) = det A
v (b) T:R — R defined by T(x) = 2~

(c) T:R— R defined by T(x) = x + 1

Solution
(b) Letx =1and y = 2. Then
Tx+y)=T3B)=2"=8+6=2"+2"=Tk) + TQ)

so T is not linear.

(c) Letx =1andy = 2. Then
Tx+y)=TB)=3+1=4#5=(1+1)+Q2+1) =Tk + T(y)

Therefore, T is not linear.

Remark Example 6.53(c) shows that you need to be careful when you encounter the word “linear”
As a function, T(x) = x + 1 is linear, since its graph is a straight line.
However, it is not a linear transformation from the vector space R to itself,
since it fails to satisfy the definition.

(Which linear functions from R to R will also be linear transformations?)
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There are two special linear transformations that deserve to be singled out.

>

Example 6.94 (a) For any vector spaces V and W, the transformation T, : V — W that maps every
vector in V to the zero vector in W is called the zero transformation. That is,

T,(v) =0 forallvinV

(b) For any vector space V, the transformation I : V— V that maps every vector in V
to itself is called the identity transformation. That is,

I(v) =v forallvinV

Properties of Linear Transformations

Theorem 6.14 Let T: V— Wbe a linear transformation. Then:

a. T(0) =0
b. T(—v) = —T(v) forallvinV.
c. Ta—v)=Tu) — T(v) foralluandvin V.
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Example 6.55 Suppose T is a linear transformation from R? to @, such that
PP 2

1 2 —
T{ J =2 —3x + x* and T[ J =1 —x*, Find T{ IJ and T{QJ.
\ / 1 3 2 b

1l |2
Solution Since B = {L}, {3}} is a basis for R* (why?),

every vector in R” is in span (). Solving

HEEHEN

SO

a 1 [2]
TH _ T((sa . zb)H +(b— a)_3_)
-

1
= (3a — Zb)T[l] + (b — a)T_3_
= (B3a—2b)2 —-3x+x)+ (b —a)d — x?

= (5a — 3b) + (—9a + 6b)x + (4da — 3b)x*

(Note that by setting a = —1 and b = 2, we recover

il
the solution T{ 2] = —11 4+ 21x — 10x2)
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Theorem 6.15

Let T: V— W be a linear transformation and let B = {v,, ..., v, } be a spanning
set for V. Then T(B) = {T(v,), ..., T(v,)} spans the range of T.

Gomposition of Linear Transformations

Definition 1fT:U— Vand S: V— W are linear transformations, then the
composition of S with T is the mapping S o T, defined by

(S T)(u) = S(T(u))

SoTisread “S of T”

whereuisin U.

3o T
= — T(ll) — S(T(ll)) _ (SO T)(ll)

Observe that S T is a mapping from U to W (see Figure 6.6). Notice also that for
the definition to make sense, the range of T must be contained in the domain of S.
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Let T: R* = P, and S: P, — P, be the linear transformations defined by

T[lﬂ =a+ (a+ b)x and S(p(x)) = xp(x)

: 3 a
Find (S T)[_z} and (S T)[b}.

(So T)[a} = S(T!Z}) = S(a + (a + b)x) = x(a + (a + b)x)

ax + (a + b)x?
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Chapter 3 showed that the composition of two matrix transformations was

another matrix transformation.

Theorem 6.16 IfT:U— Vand S: V— W are linear transformations, then S T: U — Wis a

linear transformation.

Proof Letuandvbein Uandletcbe a scalar. Then
(SeDu+v) =S(Tu + v))

= S(T(u) + T(v)) since T is linear
= S(T(u)) + S(T(v)) since S is linear
= (SeT)(u) + (S T(v)

and  (SoT)(cu) = S(T(cu))

= S(cT(u)) since T is linear
= ¢S(T(u)) since S is linear
= ¢(SoT)(u)

Therefore, S o T is a linear transformation.
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>

Example 6.51 Let S: U— Vand T: V— W be linear transformations and let I : V— V be the iden-
tity transformation. Then for every vin V, we have

(TeDv) = T((v)) = T(v)

Since T oI and T have the same value at every v in their domain, it follows that
TeoI=T. Similarly,I>S§ = S. i

Remark The method of Example 6.57 is worth noting. Suppose we want to show
that two linear transformations T, and T, (both from V to W) are equal. It suffices to
show that T,(v) = T,(v) foreveryvin V.

Inverses of Linear Transformations

Definition A linear transformation T : V — W is invertible if there is a linear
transformation T’ : W — V such that

T"oT=1, and T-T' =1,

In this case, T’ is called an inverse for T.
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Example 6.58 Verify that the mappings T: R* — %, and T' : , — R* defined by

T[Z}Za-l-(a-kb)x and T’(c+dx)=[dic}

<«

are inverses.

Hence, T" o T = Ipz and T o T" = Iy . Therefore, T and T" are inverses of each
other.
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Theorem 6.1]

I[f T is an invertible linear transformation, then its inverse is unique.

Proof The proof is the same as that of Theorem 3.6, with products of matrices re-

placed by compositions of linear transformations. (You are asked to complete this
proof in Exercise 31.) o

Thanks to Theorem 6.17, if T is invertible, we can refer to the inverse of T. It will
be denoted by T ' (pronounced “T inverse”).

In the next two sections, we will address

the issue of determining when a given linear transformation is invertible and
finding its inverse when it exists.

| Iixercises 6 27,9 14,6 19, 25, 29
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