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Change-of-Basis Matrices
In many applications, a problem described using one coordinate system may be
solved more easily by switching to a new coordinate system.
This switch is usually accomplished by performing a change of variables

In linear algebra, a basis provides

us with a coordinate system for a vector space, via the notion of coordinate vectors.
Choosing the right basis will often greatly simplify a particular problem. .




Figure 6.4(a) shows the coordinate system related to the basis B = {u,, u,}, 3/15

Figure 6.4(b) arises from the basis C = {v,, v,}, where

e[ n=[ 2k e[ o[}

Yy A
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d il
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_4 .
_4 = "
(a)
Figure 6.4 (b)

The same vector x is shown relative to each coordinate system. It is clear from the
diagrams that the coordinate vectors of x with respect to B and C are

[x]zs:M and [X]c:{_ﬂ

It turns out that there is a direct connection between the two coordinate vectors.

One way to find the relationship is to use [x] 5 to calculate

c=wvm=[ 2+ 2]

Then we can find [x]. by writing x as a linear combination of v, and v,.
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Example 6.4%5 Using the bases 5 and C above, find [x], given that [x]z = LJ

Figure 6.4(b) arises from the basis C = {v,, v,}, where

o[ o) o]

Figure 6.4(a) shows the coordinate system related to the basis B = {u,, u,},

el

Solution  Since x = u;, + 3u,, writing u, and u, in terms of v, and v, will give us the

required coordinates of x with respect to C.

(b)
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Theorem 6.6  1et B8 = {v,,v,, ...,v,} bea basis for a vector space V. Let u and v be vectors in
V and let ¢ be a scalar. Then

a. [utv]z=[u]zg+ [v]s
b. [cu]z = c[u]p

Let’s look at the calculations in Example 6.45 from a different point of view.

From x = u; + 3u,, we have

[x]e = [w +3w] = [u]c + 3[w]

=
Il
—
|
(3]
—_
Il
|
(9%
|
—
I
2]

_
b
I
[

\
W
=
+
[ye]
o

Definition LetB={u,...,u,}andC = {v,,...,v,} be bases for a vector
space V. The n X n matrix whose columns are the coordinate vectors [u,], . . .,
[u, ] of the vectors in B with respect to C is denoted by Pp 5 and is called the
change-of-basis matrix from B to C. That is,

Pe g = [[w]cluy]e -+ [w,]c]




6/15

Theorem 6.12 1etB8={u,...,u,}andC = {v, ..., V,} be bases for a vector space V and let

P.._ ;3 be the change-of-basis matrix from B to C. Then

a. Po. plx]z = [x]; forallxin V.
b. P.cis the unique matrix P with the property that P[x]z = [x].for all xin V.
c. P.pisinvertible and (P, ) ™' = Pgc,.

The columns of Pe. 5 are the coordinate vectors of one basis with respect to the other basis.

Pq. [ x] 3 is a linear com bination of the columns of Py, 5.

But since the result of this combination is [x]., the

columns of Py 3 must themselves be coordinate vectors with respect to C.

Figure 6.9
Change of basis . notation C <~ B as saying “B in terms of C.”
Vv
[ e [ Is _ _ [1]
‘Aultiplicak Fom — x=w+3u [xlz=|,
by Peg [x]¢ = [u; +3w]e = [w]e + 3[u,]¢
Ix.]C — Ix.ls ] -3 3][1
R R Thus, [X]C = [[ul]C[uZ]C] {3:| - { 2 _1} {3} = P[X]B
Multiplication

by Pg-c = (Pc-p)” !
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Theorem 6.12 1etB={u,...,u}andC = {v, ..., V,} be bases for a vector space V and let

P.._ 5 be the change-of-basis matrix from B to C. Then

a. Po. plx]z = [x]; forallxin V.
b. P. pis the unique matrix P with the property that P[x]z = [x].for all xin V.
c. P.pisinvertible and (Py ) ™' = Pgcc.
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Theorem 6.12 1etB={u,...,u}andC = {v, ..., V,} be bases for a vector space V and let

P.._ 5 be the change-of-basis matrix from B to C. Then

a. Po. plx]z = [x]; forallxin V.
b. P. pis the unique matrix P with the property that P[x]z = [x].for all xin V.
c. P.pisinvertible and (Py ) ™' = Pgcc.

(b) Suppose that P is an n X n matrix with the property that P[x] 53 = [x]cforallx in V.
Taking x = u;, the ith basis vector in B, we see that [x] 3 = [u;] 5 = e,
so the ith column of Pis p; = Pe; = Pu;]z = [u,],

which is the ith column of P, 5, by definition. It follows that P = P, .
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Theorem 6.12 1etB={u,...,u,}andC = {v, ..., v,} be bases for a vector space V and let

P, be the change-of-basis matrix from B to C. Then

a. Po. 3[x]z = [x]c forallxin V.
b. P. pis the unique matrix P with the property that P[x]z = [x]. for all xin V.

c. P.gis invertible and (P, p) ™' = Pgc,.
(c) Since{u,,...,u,}islinearly independent in V, the set {[u,]., ..., [u,]¢} is linearly
independent in R", by Theorem 6.7. Hence, Pee 3 = [[u;]e -+  [u] is invert-

ible, by the Fundamental Theorem.

Forall xin V, we have P, z[x]5 = [x].. Solving for [x]3, we find that
[x]5 = (Pcep) ' [x]c

for all x in V. Therefore, (P,_;) ' is a matrix that changes bases from C to BB. Thus, by
the uniqueness property (b), we must have (Po ) ' = Ppee.
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>
Example 6.46 Find the change-of-basis matrices P.. gand Py for the bases B = {1, x, x*}andC =
{1+ x,x+ x%1+ x*} of P,. Then find the coordinate vector of p(x) =1 + 2x — x?
with respect to C.

To find Pe 5, use the fact that Pe 3 = (Pge() ),
by Theorem 6.12(c). We find that

= =
= =
I £ |

Peeg= (Pgeg)™ = | —

2 2 2
| . 1
2 2
It now follows that
1 1 _1
2 2 2
[p(0)]e = Pecplp(X)]p — —! 1 ! 7| =
1 1 1] _ _
2 2 2
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Example 6.41 In M,,, let B be the basis {E,,, E,;, E;,, E,,} and let C be the basis {A, B, C, D}, where

«

1 0 11 11
0 0 0 0 1 0

Find the change-of-basis matrix Pe. ;3 and verify that [X], = Pe 5[ X]p for X =

Solution 1 find the coordinate vectors of B with respect to C.
This involves solving four linear combination problems of the form

X =aA + bB + ¢C + dD, where X is in B and we must find a, b, ¢, and d.

M1 0 -1 07
0 —1 1 0
SO Poe o= [|E E E E =
C—n [[Enle [Enle [Enle [Enlcl 0 1 0 —1
L 0 0 0 1]

>
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Example 6.41

«

This is the coordinate vector with respect to C of the matrix

—A—-—B—-C+4D

In M,,, let B be the basis {E,;, E,,, E;», E,,} and let C be the basis {A, B, C, D}, where

| p-

Find the change-of-basis matrix Pe. ;3 and verify that [X], = Pe 5[ X]p for X =

Il

as it should be.

>
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The Gauss-Jordan Method for Gomputing a Ghange-of-Basis Matrix

Theorem 6.13 1et 8= {u,...,u,} and C = {v,, ..., v,} be bases for a vector space V. Let

B=[[w]e - [u,]¢] and C = [[v,]¢...[V,]e], where £ is any basis for V.

Then row reduction applied to the #n X 21 augmented matrix [C |B] produces

[C|B] = [I|Ppesg]

Suppose B = {u,,...,u,} and C = {v,,...,v,} are bases for a vector space V

and P, is the change-of-basis matrix from B to C.

P
The ith column of Pis  [w;], = | : sou; = pv; +- -+ pv,.

pm‘
If £ is any basis for V, then
[w;le = [prvy + -+ puVule = puilvile + - + pulva]e

This can be rewritten in matrix form as

Pui
[[vile =+ [Valel C = [wle

pm'

If £ is a standard basis,

B= PS*—B and C= Pg<_c.

we can solve by applying Gauss-Jordan elimination

to the augmented matrix

[[VI]E [Vn]é"[ui]g]
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which we can solve by applying Gauss-Jordan elimination to the augmented matrix

[[vile = [valel [w]e]

There are n such systems of equations to be solved, one for each column of P, j,
but the coefficient matrix [[v,]c -+ [v,]¢] is the same in each case.

Hence, we can

solve all the systems simultaneously by row reducing the n X 21 augmented matrix

[[vile - [vellwle -+ [w,]e] = [C|B]

=48 B, C EfEmE Pe.g M P ¢

Since {v,,...,v,} is linearly independent, so is {[v,]s ..., [v,]s}, by Theorem 6.7.

Therefore, the matrix C whose columns are [v,]¢, ..., [V,]shasthe n X n identity
matrix [ for its reduced row echelon form, by the Fundamental Theorem.

It follows that Gauss-Jordan elimination will necessarily produce
If £is a standard basis,

[C|B] = [I|P] where P = Ppep B = Psepand C = Ppcp.




|
Example 6.48 Rework Example 6.47 using the Gauss-Jordan method.
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Example 6.41 In M,,, let BB be the basis {E,;, E,;, E;», E,,} and let C be the basis {A, B, C, D}, where

1 0 1 1 1 1 1 1]
Az{ ],B:{ ,C:[ p=
0 0 0 0 1 0 11

Find the change-of-basis matrix Pp. 5 and verify that [X], = Peg[X]g for X = 2 ‘

Theorem 6.138 1et B= {u,..., u,}and C = {v, ..., v,} be bases for a vector space V. Let
B=[[w]e -~ [u,]¢] and C = [[v;]¢...[Vv,]¢], where € is any basis for V.
Then row reduction applied to the 7 X 21 augmented matrix [C |B] produces

[C|B] = [I|Psep]

Solution Taking & to be the standard basis for M,,, we see that

If £ is a standard basis,
1 0 0 07 (1 1 1 17 = F——
= —pr all = (-
5o p 001 0 1 o o 01 1 1 £B £c
= - Rr = an = —r =
“F7 1o 1 0 0 € lo o1 1
(0 0 0 1] 0 0 0 1]
Row reduction produces
1 1 1 1|1 0 0 0 1 00 0[/1 0 -1 0
01 1 1[0 0 1 0 010 0/0 -1 1 0
[C|B] = — 1 0 -1 0
001 1/0 1 0 0 001 0[0 1 0 -1
000 1[0 0 0 1 000 1[0 0 0 1] whllowsthat Pog=|0 1 o _
0 0 0 1

Iixercises 6. 37,10, 15
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