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2, 5, 8, 11, 14, 17, 19, 23, 35

Definition A square matrix A is orthogonally diagonalizable if there exists an

orthogonal matrix Q and a diagonal matrix D such that Q"AQ = D.

Example 5.16

Solution  The characteristic polynomial of A is A*> + A — 6 = (A + 3)(A — 2),

1
If possible, diagonalize the matrix A = L

eigenvalues A, = —3and A, = 2.

the corresponding eigenvectors, v, = {_ﬂ and v, = {2}

Q is an orthogonal matrix, .Therefore3 Q! = Q7, and we have Q'AQ = D.
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Theorem 5.11  If A is orthogonally diagonalizable, then A is symmetric.

Proof If A is orthogonally diagonalizable, then there exists

an orthogonal matrix Q and a diagonal matrix D such that QTAQ =D.

since every diagonal matrix is symmetric. Hence, A is symmetric.

Theorem 5.17 shows that the orthogonally diagonalizable matrices are
all to be found among the symmetric matrices.

It does not say that every symmetric matrix must be orthogonally diagonalizable.
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If A is a real symmetric matrix, then the eigenvalues of A are real.

Theorem 5.18

If A is a symmetric matrix, then any two eigenvectors corresponding to distinct

eigenvalues of A are orthogonal.

Theorem 3.19

Example 3.11 Verify the result of Theorem 5.19 for

2 1 1
‘ A=]1 2 1

1 1 2

1 -1 [ -1

and E, = span 0, 1

-

E, = span

[S—
[
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Theorem 95.20

The Spectral Theorem

Let A be an n X n real matrix. Then A is symmetric if and only if it is orthogonally
diagonalizable.

Example 9.18
Example 5.17.

E, = span| | 1

Theorem 5.15  The Gram-Schmidt Process

OrthogOnallY dlagonalile the matrix Let {x), ..., x;} be a basis for a subspace W of R" and define the following:
v, =X, W, = spanl(x,)
2 1 ]_ v, =X, — (v, .xz)v., W, = span(x,, x,)
Vi 2Ny
A = 1 2 1 V3= X3 — v,-x§v7 vfx"v W, = span(x,, X,, X;)
3 3 PREYAL v, v, 2 3 P 1 X X3,
]- 1 2_ T AT AW A -5
T ViV i A& "z)vZ
Vio1*X]
- 1 Y - (#)w T W, = span(x;, ..., x;)
Then foreachi=1,...,k {v,,..., v} is an orthogonal basis for W;. In particular,
and El = span 0 . 1 Mo v;} is an orthogonal basis for W.
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Theorem 5.20 The Spectral Theorem

Let A be an n X n real matrix. Then A is symmetric if and only if it is orthogonally

diagonalizable.

The Spectral Theorem allows us to write a real symmetric matrix A in the form
A = QDQT, where Q is orthogonal and D is diagonal.

The diagonal entries of D are just the eigenvalues of A,

if the columns of Q are the orthonormal vectors q, ..., q,,

spectral decomposition of A.




then, using the column-row representation of the product, we have 719

Ao 0 qf
A=QDQ"=[q - q,]| ¢

T
= [A ra, ] (1-1 Each of the terms A,q;q; is a rank 1 matrix,
o o qT qiq,’-‘ﬂ is actually the matrix of the projection

T T . onto the subspace spanned by q;.
- )\lqlql i A2(12(12 RN P Anqnqn

projection form of the Spectral Theorem.

spectral decomposition of A.

25. Let q be a unit vector in R" and let W be the subspace
spanned by q. Show that the orthogonal projection of a
vector v onto W (as defined in Sections 1.2 and 5.2) is
given by

projy (v) = (qq')v

and that the matrix of this projection is thus qq". qq” EFHE—ERPER  CHPIAEEERPNERNNE v
[Hint: Remember that, for x and y in R", x-y = xy.] EEMBEAEMRE q FFASREESE L o
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Example 5.19 Find the spectral decomposition of the matrix A from Example 5.18.

2 1 1

A=1]1 2 1

1 1 2

Solution  From Example 5.18, we have:
A = 4, A =1, Ay =1

1/V3 —1/\f -1/V6
@ =|1/V3| q e =| 2/V6
1/V3 1/\f -1/V6
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Example 5.20 Finda2 X 2 matrixwith eigenvalues A, = 3and A, = —2and corresponding eigenvectors

3 —
v, = { ] and v, = [ ]

Solution We begin by normalizing the vectors to obtain an orthonormal basis
{qb q2}> Wlth
q: = [ }
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