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The Gram-Schmidt Process 28

We would like to be able to find an orthogonal basis for a subspace W of R".

Theidea is to begin with an arbitrary basis {xy, . . . , x;} for W and

to “orthogonalize” it one vector at a time.

Example 5.12 Let W = span(x,, X, ), where

i —
\/ x,=|1| and x, = 0 >
0 1

Construct an orthogonal basis for W.

Solution  Starting with x,, we get a second vector that is orthogonal to it by taking
the component of x, orthogonal to x; (Figure 5.10).

Then {v;, v,} is an orthogonal set of vectors in W.

Hence, {v, v,} is alinearly independent set and therefore a basis for W,

since dim W = 2.

Remark Observe that this method depends on the order of the original basis

—2 1
vectors. In Example 5.12, if we had takenx, = 0 [andx, = | 1 |, we would have
1 0

obtained a different orthogonal basis for W. (Verify this.)
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Theorem 9.19

The Gram-Schmidt Process

Let {x, ..., Xy} be a basis for a subspace W of R" and define the following:

v, = Xp, W, = span(x,)

Vl 2 X2
v, =X — ( : >v1, W, = span(x,, x,)

W, = span(x;, X,, X;)
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Vi—1 " X )
—(—— v ¢ W, = span(x,, ..., Xx;)
(Vkl * V-1
Then foreachi=1,...,k, {v,,..., v} is an orthogonal basis for W,. In particular,

{v}, ..., v} is an orthogonal basis for W.
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Example 5.13 Apply the Gram-Schmidt Process to construct an orthonormal basis for the subspace
W = span(x,, X,, X;) of R*, where

1 2 2
Y
=1 1 2
X, = ,y Xy = , X3 —
: —1 . 0 ? 1
1 L L2 |

Solution {x,, x,, x;} is a linearly independent set, so it forms a basis for W.

setting Vi=X. W,= Span(vl)

We now have an orthogonal basis {v,, vj, vi} for W.
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Apply the Gram-Schmidt Process to construct an orthonormal basis for the subspace
W = span(x,, X,, X;) of R*, where

1 2 2
—]1 1 2
X, = L X, = o X; = 1
1] na | Z |
1 1/2
(= G)| 21| = |
AN A VARV S B S VZ:
1 1/2
3 3/2V/5 3V/5/10
__(1),_(#)3_3/2\/5_3\/3/10
L=\ W " \evs ) 1| T | 12vE| T | Va0
1 1/2V5 V5/10
-1 -1/V6 -V6/6
(-G ||l <
=\mI/” " \Ve)| 1| | uve| | Ves

2 2/V6 V6/3

Then {q;, q5, q;} is an orthonormal basis for W.
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Example 5.14 Find an orthogonal basis for R’ that contains the vector
1

(\S]

Y vy =

W

now apply the Gram-Schmidt Process to this basis to obtain

0 1 — —1

1
7
VX
Vv, =X, — 1.2V1= 1|—-@| 2= 2|, v,= 5
Vi*v; 3
0 3 —5 -3
V)X V;° X3 0 - o e
1 -
"*Z"*‘< ) ‘(, ,>v: 01 =62 =G 5|=0L w=| o0
ViV, VvV, 1
1 — 10 1

Then {v,, v}, vi} is an orthogonal basis for R’ that contains v;.
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Theorem 5.16

The QR Factorization

Let A be an m X n matrix with linearly independent columns. Then A can be fac-
tored as A = QR, where Q is an m X »n matrix with orthonormal columns and R is

an invertible upper triangular matrix.

A isan m X n matrix

leta,,...,a,be the (linearly indeipendent) columns of A

letq, ...

, q,, be the orthonormal vectors obtained by applying the

Gram-Schmidt Process to A with normalizations.

From Theorem 5.15, we know that, foreachi=1,...,n

W; = span(a,, . ..

b

,a;) = span(q, ..., q,)

Theorem 5.15

The Gram-Schmidt Process

Let {x,, ..., X} be a basis for a subspace W of R" and define the following:
Vi =X,

£

VNTEX

1°V1

. V)X

Vi = X3 — ( '*l) *"*‘)v:, W, = span(x,, x,, X3)
1"V V2" vz iy

Vi =X — .

Garimlaalns

Vi1 Xk ) j
-~ Vi 1 W, = span(x;,...,x)
(VA 1° V=1 : ; i ! =

W, = span(x,)

W, = span(x;, x,)

<< <=
L N .

s

Pl

Vi,
v, —
-

1°Xe
(R

Then foreachi=1,...,k, {v,,..., v} is an orthogonal basis for W,. In particular,
{v}5..., v} is an orthogonal basis for W.
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Example 3.1 Find a QR factorization of

Solution  The columns of A are just the vectors from Example 5.13.
basis for col(A) produced by the Gram-Schmidt Process was

r1/2 3V5/10 —V6/6
| —1/2 3V5/10 0
1/2  V5/10  Ve6/3

1/2 -1/2 —-1/2 1/2
R=QWU =1{3V5/10 3V5/10 V5/10 V5/10
-V6/6 0 Ve/6e V6/3

Tixercises 9.3 2,5 7,11, 16, 17

A

!

D = NN

—_— O = DN

The orthonormal

1 2 2

11 2 2 1 1/2

1 o0 1l =0 V5 3V5/2
1 1 2 0 0 Ve/2
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