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Definition Let W be a subspace of R". We say thata vector v in R" is orthogo-
nal to W if v is orthogonal to every vector in W. The set of all vectors that are
orthogonal to W is called the orthogonal complement of W, denoted W~. That is,

Wt ={vinR":v-w=0 forallwin W}

>

Example 9.8 If W is a plane through the origin in R and ¢ is the line through the origin perpen-
dicular to W (i.e,, parallel to the normal vector to W), then every vector v on € is
orthogonal to every vector w in W; hence, £ = W. Moreover, W consists precisely
vV of those vectors w that are orthogonal to every v on ; hence, we also have W = {*.

\

‘7

W+ is pronounced “W perp.”

Figure 9.9 i
¢ =Whtand W= ¢+ \
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Theorem 5.9 Let W be a subspace of R".

a. W' is a subspace of R".

b. (WH™ =W

¢ WN wWt={0}

d. If W = span(wy, . . ., w), then v is in W+ if and only if v - w; = 0 for all
i=1,...,k

Prool  (a) Since 0-w = 0 for all win W, 0isin W*,
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Theorem 5.10 Let A be an m X n matrix. Then the orthogonal complement of the row space of

A is the null space of A, and the orthogonal complement of the column space of A
is the null space of A™:

(row(A4))* = null(A) and (col(A))* = null(AT)

To prove the second identity, we simply replace A by A" and

T T p—
B P A T 22 BRI E RS o use the fact that row(A") = col(A).

L FIZMEMERBERNSNEEE  (row(4))” = null(4)

ERNE AR ANFRAEYRE B AfR5) BEEBNRE > KERE Az = 0 UHEEE
A MTERE - BRI

2 FEMMWERREEZH AT WEZM  (col(4))* = null(AT)

BRI HIE A WEFRETEE (B AWE?) SEENAE v VERE ATy =0 BT
AT BICRE o
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These four subspaces are called the fundamental subspaces of the m X n matrix A.

Thus, an m X n matrix has four subspaces: row(A), null(A), col(A), and null(A" ).
The first two are orthogonal complements in R”,
the last two are orthogonal complements in R™.

. BZ2R row(A) BEZR null(A) BEAEZRZEM - B R =l S8 mmEEREEZHFE /A -
. 172509 col(A) 2= 7ep8 null( A7) BAIFAHZER » 1 R™ s7RdA o

Figure 5.6
The four fundamental subspaces

row(A)

Rll
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Example 5.9 Find bases for the four fundamental subspaces of

T 1 1 3 1 6]
v 2 -1 0 1 -1
A=
-3 21 -2 1
L 4 16 1 3

Solution In Examples 3.45, 3.47, and 3.48, we computed bases for
the row space, column space, and null space of A.

We found that row(A) = span(uy, u,, u;), where
w=1[10120 -1}, uy,=00 1 2 0 3], uy=[0 0 0 1 4]

Also, null(A) = span(x,, X,), where

—1]] 1

-2 -3

X, = 1], x,= 0
0 —4

- O_ - 1_

1 1
2 -1 1
R Y Y A
4 1 1

and it is easy to check that this vector is orthogonal to a,, a,, and a;.
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Example 3.47

Example 3.45

Find a basis for the row space of

1 1 3 1 6
v A= 2 -1 0 1 -1
=) 21 -2 1
4 6 1 3
Solution The reduced row echelon form of A is
1 01 0 —1
01 2 0 3
R =
00 0 1 4
0 0 0 0 0

By Theorem 3.20, row(A) = row(R), so it is enough to find a basis for the row space
of R. But row(R) is clearly spanned by its nonzero rows, and it is easy to check that
the staircase pattern forces the first three rows of R to be linearly independent. (This
is a general fact, one that you will need to establish to prove Exercise 33.) Therefore,
a basis for the row space of A is

Find a basis for the column space of the matrix from Example 3.45,

1 1 3 1 6
2 -1 0 1 -1
A=
-3 2 i 1
4 6 1 3

Solution Leta; denote a column vector of A andletr; denote a column vector of the
reduced echelon form

101 0 -1

01 2 0 3
R =

00 0 1 4

00 00 0

We can quickly see by inspection that r; = r; + 2r,and r; = —r; + 3r, + 4r,.
The remaining column vectors, ry, r,, and r,, are linearly independent,

Use the columns of A that correspond to the

columns of R containing the leading 1s. A basis for col(A) is

1 17 1
{{lt o 1 0 —1],[0 1 2 0 3],[0 0 0 1 4]} y 5 . )
- {31,32:34} = 3 21 =2
4 1] [ 1
Example 3.48 Find a basis for the null space of matrix A from Example 3.47.
Solution
the solutions of the homogeneous system Ax = 0.
\
1 01 0 —1[0 X x, s+t -1 1
01 2 0 3]0 X B P — _
[R |0] — _ 2 X3 2s 3t 2 3
00 0 1 40 X ! x=|x|= s =s| 1|+t] 0|=su+tv
000 0 0f0 X4 X, —4t 0 —4
s X5 0 1
We getx;, = —x3 + X5, %, = —2x3 — 3x5, and x4y = —4xs.
) ) Thus, u and v span null(A), and since they are linearly independent,
Setting x3 = s and x5 = t, we obtain
they form a basis for null(A).
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Orthogonal Projections

Recall that, in R?, the projection of a vector v onto a nonzero vector u is given by
() u'v
roj,(v) = u
P1OJu u‘u

Furthermore, the vector perp,(v) = v — proj,(v) is orthogonal to proj,(v), and we
can decompose v as

. A
v = proj,(v) + perp,(v) VS
/ <]
as shown in Figure 5.7. i // perpy(v)
// //
/
" NG //
WS i //
proj,(v) x4/

Figure 9.7
v = projy(v) + perpy(v)

Ifwelet W = span(u), then w = proj,(v)isin Wand wi = perp,(v)isin W+,
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Definition Let W be a subspace of R" and let {u,, . .., u;} be an orthogonal
basis for W. For any vector v in R", the orthogonal projection of v onto W is

defined as
u, v u, v
1 — el _|_ N
proit) = (g Ju + o (G o

The component of v orthogonal to W is the vector

perpy (v) = v — proj, (v)

- =LA
proj,(v) = (u-u)u

projy(v) = proj, (v) + - -+ + proj, (v)

if w is in the subspace W of R", which has orthogonal basis {v,,v,, ..., v}, then

w:* Vl w* Vk . .
w = v, + -+ Vi Thus, wis decomposed into a sum of orthogonal
ViV, Vi * VvV,

projections onto mutually orthogonal

= projy (w) + - -+ + projy,(w) one-dimensional subspaces of W.
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>
Example 5.11 3
Let W be the plane in R’ with equation x — y + 2z = 0,and let v = | —1 |. Find the
2
\ /

orthogonal projection of vonto W and the component of v orthogonal to W.

Solution In Example 5.3, we found an orthogonal basis for W. Taking o

<7 [remw
1 —1 we have
u=|1| and u, = 1 wrv=2 ucv=-—2
0 1 ey, =2 wru, = 3

projy (v)

Figure 5.9
v = projy (v) + perpy(v)
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Theorem 9.11  The Orthogonal Decomposition Theorem

Let W be a subspace of R" and let v be a vector in R". Then there are unique
vectors win W and w* in W+ such that

v=w+ wt

Example 5.11 illustrated the Orthogonal Decomposition Theorem.
When W is the subspace of R’ given by the plane with equation x — y + 2z = 0,

the orthogonal decomposition of

>
v = | —1 | with respect to Wis v =w + w—, where
2

W[Co W[k Wk

w = projy(v) = and w* = perpy(v) =

WM W= WU
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Corollary 9.12  If Wisasubspace of R", then

(WH)r =W

Theorem 5.13 If Wisa subspace of R", then

dimW + dim W' = #n

Corollary 5.14 The Rank Theorem

If Aisan m X »n matrix, then rank(A) + nullity(A) = »

4 Iixercises 9.2

2,5,17,9,12,15, 20
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