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2, 5, 8, 11, 14, 17, 19, 23, 35
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computing the eigenvalues of a matrix is

to solve the characteristic equation.

However, there are several problems

The first problem is that
it depends on the computation of a determinant,

which is a very time-consuming process for large matrices.

The second problem is that the characteristic equation is

a polynomial equation, and there are no formulas for solving polynomial equations

of degree higher than 4 (polynomials of degrees 2, 3, and 4 can be solved using the
quadratic formula and its analogues).

The Power Method

The power method applies to an n X n matrix that has a dominant eigenvalue A, —
that is, an eigenvalue that is larger in absolute value than all of the other eigenvalues.

For example, if a matrix has eigenvalues —4, —3, 1, and 3, then —4 is the dominant

eigenvalue, since 4 = |—4| > |—3| = [3| = |1]. On the other hand, a matrix with
eigenvalues —4, —3, 3, and 4 has no dominant eigenvalue.
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Theorem 4.28  Let A bean n X n diagonalizable matrix with dominant eigenvalue A,. Then there

exists a nonzero vector X, such that the sequence of vectors x; defined by
X, = AXp, X, = AX;, X3 = AX,,..., X = AX_pp. ..

approaches a dominant eigenvector of A.

Example 4.30 _ _ | 1 1]
Approximate the dominant eigenvector of A = using the method of
Theorem 4.28. e

1
Solution We will take x, = LJ as the initial vector.

k0 1 2 3 4 5 6 7 8 N/ A
1 1 3 5 11 21 43 85 171 6fL 2 4+ 88 ¢
S Y Y Y B 4 B e I o 4
. — 050 150 083 110 095 102 099 1.0l A
L — 1.00 3.00 1.67 2.20 1.91 2.05 1.98 2.01
the ratio r, of the first to the second component the ratio /. of the first component of x; ., to that of x;

of x; gets very close to 1 as k increases. will approach A, as k increases.
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divide each x; by the component with the maximum absolute value,

so that the largest component is now 1. This method is called scaling.

if m; denotes the component of x; with the maximum absolute value,

we will replace x; by y;, = (1/m)x,.

The Power Method Let A be a diagonalizable n X n matrix with a corresponding dominant eigen-
value A,.

v L. Let xy =y, be any initial vector in R" whose largest component is 1.
2. Repeat the following steps fork = 1,2,...:
(a) Compute x; = Ay;_;.
(b) Let m; be the component of x; with the largest absolute value.
(c) Sety, = (1/my)x.
For most choices of x,, m; converges to the dominant eigenvalue A, and y; con-
verges to a dominant eigenvector.

-]
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Example 4.31

eigenvector of

0 5 —6
v _
A=|—4 12 —12
=2 =3 10
1
Solution Taking as our initial vector x, = | 1
1
Tahle 4.3
kK 0 1 2 3 4 5 6 7
(1] [ -1 —9.33 8.62] 8.12] 8.03 ] 8.01 | 8.00 |
NI —4 —19.33 17.31 16.25 16.05 16.01 16.00
1 6 1167 [ —9.00] [ —820] | —8.04] | —8.01] | —8.00
(1] [ —0.17 0481 [ 050 [ 050] [ 050 [ 050 [ 0.50]
vi | 1]] —0.67 1 1 1 1 1 1
1] 1 —060] [ —052]) | —050] | —0.50] [ —0.50] [ —0.50 |
m, 1 6 —19.33 17.31 16.25 16.05 16.01 16.00

>

Use the power method to approximate the dominant eigenvalue and a dominant
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The Shifted Power Method and the Inverse Power Method

The shifted power method uses the observation that, if A is an eigenvalue of A,
then A — a isan eigenvalue of A — «I for any scalar « (Exercise 22 in Section 4.3).

Thus, if A, is the dominant eigenvalue of A, the eigenvalues of A — A,I will be 0,
Ay — A, A3 — A, ..., A, — Ay We can then apply the power method to compute
A, — A, and from this value we can find A,. Repeating this process will allow us to
compute all of the eigenvalues.
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Example 4.32 Use the shifted power method to compute the second eigenvalue of the matrix A =

I |
[2 0} from Example 4.30.

Solution In Example 4.30, we found that A; = 2. To find A,, we apply the power

method to
—1 1

1
, 2} We take x, = [0}, but other choices will also work.

-

Our choice of x has produced the eigenvalue —3 after only two iterations.

Therefore, A, — A; = —3,

soA, = Ay —3 =2 — 3 = —1isthe second eigenvalue of A.
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inverse power method

Theorem 4.18 (b) if A is invertible with eigenvalue A, then A™' has eigenvalue 1/A.

dominant eigenvalue will be the reciprocal of the smallest (in magnitude) eigenvalue A,

then A~ ' has eigenvalue 1/A.

apply the power method to A™', dominant eigenvalue will be

the reciprocal of the smallest (in magnitude) eigenvalue of A.

we compute x, = A~ y,_,.
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Example 4.33 Use the inverse power method to compute the second eigenvalue of the matrix A =
[1 1
2 0

1
Solution We start, as in Example 4.30, with x, =y, = {0} To solve Ax; = vy,

from Example 4.30.

Table 4.5
k 0 1 2 3 4 5 6 7 8 9

N
IR

My 1 0.5 1.5 —0.83 =11 —0.95 —1.02 —0.99 —1.01

the values m, are converging to —1. -
smallest eigenvalue of A is the reciprocal of —1 (which is also —1).




The Shifted Inverse Power Method

find an approximation for any eigenvalue, provided

we have a close approximation to that eigenvalue.

if a scalar « is given,

the shifted inverse power method will find the eigenvalue A of A that is closest to c.

eigenvalue of A and 1/(A — @) is an eigenvalue of (A — al i

If A is an eigenvalue of A and o # A, then A — al is invertible if « is not an

If o is close to A, then 1/(A — «) will be a dominant eigenvalue of (A — al )1

eigenvalue, so the convergence will be very rapid.

if a is very close to A, then 1/(A — «) will be much bigger in magnitude than the next

10/10

£ Iixercises 4.5
2,3,6,9,12, 21

that is closest to 5.

N

0 5 —6
-4 12 —12
-2 -2 10

|

|
Example 4.34 Use the shifted inverse power method to approximate the eigenvalue of
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