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Similar Matrices

Definition  Let A and B be n X n matrices. We say that A is similar to B if
there is an invertible n X n matrix P such that P AP = B. If A is similar to B,
we write A ~ B.

Remarks
e If A ~ B, we can write, equivalently, that A = PBP "' or AP = PB.

Example 4.22

1 2 1 0
LetA = [ and B = [ . Then A ~ B,
0 —1 =2 =1
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Theorem 4.21 Let A, B, and C be n X n matrices.

a A~ A
b. If A~ B, then B ~ A.
c. fA~BandB~ C,then A~ C.

Remark Any relation satisfying the three properties of Theorem 4.21 is called

an equivalence relation.
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Theorem 4.22 Let A and B be n X n matriceswith A ~ B. Then

a. det A =detB

b. A is invertible if and only if B is invertible.

c. A and Bhave the same rank.

d. A and B have the same characteristic polynomial.
e. A and B have the same eigenvalues.

f. A™ ~ B" forallintegers m = 0.

g. If A is invertible, then A™ ~ B" for all integers m.

Proof
If A ~ B, then P"!AP = B for some invertible matrix P.
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|
Example 4.23

1 2 2001
(a) A = [2 J and B = [1 2} are not similar, since det A = —3 but det B = 3.

1 1
(b) A = [2 2} and B = L _J are not similar, since the characteristic polyno-

mial of A is A> — 3\ — 4 while that of Bis A*> — 4. (Check this.) Note that A and B do
have the same determinant and rank, however. *
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Definition  Ann X »n matrix A is diagonalizable if there is a diagonal matrix
D such that A is similar to D —that is, if there is an invertible n X n matrix P such
that P AP = D.

Example 4.24

1 3
A :{ J is diagonalizable
2 2

if P b d D S th !
if P= an = , - =
1 —2 0 —1 en p AP =D

equivalent statement AP = PD
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Theorem 4.23

Let A bean n X n matrix. Then A is diagonalizable if and only if A has n linearly
independent eigenvectors.

More precisely, there exist an invertible matrix P and a diagonal matrix D such
that P"'AP = D if and only if the columns of P are n linearly independent eigen-
vectors of A and the diagonal entries of D are the eigenvalues of A corresponding

Proof

to the eigenvectors in P in the same order.

Suppose A ~ D (diagonal matrix) via P 'AP = D, AP = PD.

Let the columns of P be pi, P2, - . . » Pa

let the diagonal entriesof D be A}, Ay, ..., A,

A0 0

0 A, 0
Then A[p, p, "~ pP.JJ=1[P0 P» " Pil :

0 0 - A,
or [Apl APZ U Apn] - [Alpl )‘ZPZ U Anpn]

we have  Ap, = APy AP = APy - - -5 APy = APy

which proves that the column vectors of P are eigenvectors of A whose corresponding

eigenvalues are the diagonal entries of D in the same order.

Since P is invertible. its columns are linearly independent,
by the Fundamental Theorem of Invertible Matrices.
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Theorem 4.23  1et Abeann X nmatrix. Then A is diagonalizable if and only if A has 7 linearly

independent eigenvectors.
More precisely, there exist an invertible matrix P and a diagonal matrix D such

that P"'AP = D if and only if the columns of P are n linearly independent eigen-
vectors of A and the diagonal entries of D are the eigenvalues of A corresponding
to the eigenvectors in P in the same order.

Proof Conversely, if A has » linearly independent eigenvectors py, p,, - - . » P, With
corresponding eigenvalues A, A,, . . ., A, respectively,

then Ap; = AP APy = APy - - APy = APy

This implies Equation (2) above, which is equivalent to Equation (1).

[Apl APZ T Apn] = [/\lpl A2p2 T ’\npﬂ] (2)
Consequently,
if we take P to be the n X n matrix with columns p,, p,, - . ., p,» then Equation (1)

becomes AP = PD.

Since the columns of P are linearly independent, the Fundamental Theorem of

Invertible Matrices implies that P is invertible, so P"'AP = D;

that is, A is diagonalizable.
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Example 4.23

in Example 4.18

If possible, find a matrix P that diagonalizes

0 1 0
A=1|0 0 1
2 =5 4

eigenvalues A; = A, = land A; = 2.

1
E, has basis | 1
1

1
2
4

E, has basis

Theorem 4.23

Let Abean n X n matrix. Then A is diagonalizable if and only if A has # linearly
independent eigenvectors.

More precisely, there exist an invertible matrix P and a diagonal matrix D such
that P 'AP = D if and only if the columns of P are n linearly independent eigen-
vectors of A and the diagonal entries of D are the eigenvalues of A corresponding
to the eigenvectors in P in the same order.
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Example 4.26 If possible, find a matrix P that diagonalizes

-1 0 1
v A=]| 3 0 -3
1 0 -1

Solution Example 4.19.

eigenvalues: A, = A, = 0and A; = —2,

eigenspaces:
0 1
E,hasbasisp, = |1 |andp, = | 0 |.
0 1
E_, has basis p; = 3.




11/14

Theorem 4.24

Let A beann X n matrix and let A}, A,, ..., A, be distinct eigenvalues of A. If B; is
a basis for the eigenspace E, , then B = B, U B,U - - - UB; (i.e., the total collection
of basis vectors for all of the eigenspaces) is linearly independent.

Theorem 4.29

If Aisan n X n matrix with » distinct eigenvalues, then A is diagonalizable.

Example 4.2]

The matrix
2 —3 7
A=10 5 1
0 b —1

has eigenvalues A} = 2, A, = 5,and A; = —1.

Since these are three distincteigenvaluesfora3 X 3 matrix,

A is diagonalizable, by Theorem 4.25.
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lemma 4.26 If A is an n X n matrix, then the geometric multiplicity of each eigenvalue is less

than or equal to its algebraic multiplicity.

ETMGE
1 < HEH < KEEH
B

REEHE "REGHER,
SAEY  EESUERR LR SERIIA BOBRDE - HABNE T SRERUNSEEELE, -

REUER : EEGEEE "HEAE, EEER

Theorem 4.21 The Diagonalization Theorem

Let A bean n X nmatrix whose distinct eigenvalues are A, A,, . .., A;. The following
statements are equivalent:

a. A is diagonalizable.

b. The union B of the bases of the eigenspaces of A (as in Theorem 4.24) contains
1 vectors.

c. The algebraic multiplicity of each eigenvalue equals its geometric multiplicity.
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Example 4.28

0 1 0
(a) The matrix A = | 0 0 1 | from Example 4.18 has
2 =5 4 two distinct eigenvalues, t ! :
E, = tly = 4t1 = span| | 1
/\12/\2=1and/\3=2. ! ! 1
Since the eigenvalue A, = A, = 1 has algebraic multiplicity 2 " . |
4 4 4
but geometric multiplicity 1, A is not diagonalizable, E, = { {ét] } {{;] } = span( [;] )
by the Diagonalization Theorem. ¢ 1 1
-1 0 1
(b) The matrix A = 3 0 -3 |from Example 4.19 also has two distinct
1 0 -1
eigenvalues, A, = A, = 0and A; = —2.
The eigenvalue 0 has algebraic and geometric multiplicity 2,
the eigenvalue —2 has algebraic and geometric multiplicity 1.
Thus, this matrix is diagonalizable, by the Diagonalization Theorem. t 0 1 0l 1
t 0 1 0 1




Example 4.29

1

0
Compute AV if A = [2 )

|

—1 and A,

1
[_1] and v,

Solution In Example 4.21, eigenvalues A, 2,

|

with corresponding eigenvectors v,

44mms 14 236 9 12 18 21 28 39. 46
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