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The eigenvalues of a square matrix A are precisely the solutions A of the equation

det(A — AI) = 0

The equation det(A — AI') = 0 is called the characteristic equation of A.

the procedure we will follow (for now) to find the eigenvalues

and eigenvectors (eigenspaces) of a matrix.

Let A be an n X n matrix.

1. Compute the characteristic polynomial det(A — AI) of A.

2. Find theeigenvalues of Abysolving the characteristicequationdet(A — AI) =0
for A.

3. For each eigenvalue A, find the null space of the matrix A — Al This is
the eigenspace E,, the nonzero vectors of which are the eigenvectors of A
corresponding to A.

4. Find a basis for each eigenspace.
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Example 4.18 Find the eigenvalues and the corresponding eigenspaces of

NEEH

TEARMAICETE -

0 1 0
L A=10
2 =5 4
The characteristic polynomial is
—A 1 0
det(A —A) =| 0 —A 1
2 =5 4-—-A

algebraic multiplicity FEMNEEERFEHEFESSEHZIELRENEENRE -

fmEsmsELE (A -2\ +1)
HESEE 2 B algebraic multiplicity 2 3 - #5818 —1 8 algebraic multiplicity = 1
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Example 4.19

Find the eigenvalues and the corresponding eigenspaces of

-

_1_




t
For A; = A, = 0, we compute E, = HS” = {5[
t

It follows that A; = A, = 0 has geometric multiplicity 2 and A; = —2 has geometric
multiplicity 1. (Note that the algebraic multiplicity equals the geometric multiplicity

for each eigenvalue.) | e e el L LR
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Theorem 4.19  The eigenvalues of a triangular matrix are the entries on its main diagonal.

Example 4.20 The eigenvalues of

T2 0 0 07

\ U Bl T S
0 3 0

I 7 4 —2]

are A} = 2, A, = 1, A; = 3, and A, = —2, by Theorem 4.15. Indeed, the characteristic
polynomial is just (2 — A)(1 — A)(3 — A)(—2 — A). A

Eigenvalues capture much important information about the behavior of a matrix.
Once we know the eigenvalues of a matrix, we can deduce a great many things without
doing any more work. The next theorem is one of the most important in this regard.

Theorem 4.16 A square matrix A is invertible if and only if 0 is 70t an eigenvalue of A.




Theorem 4.11
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The Fundamental Theorem of Invertible Matrices: Version 3

Let A be an n X n matrix. The following statements are equivalent:

[S—ey
.

J.

k.

1.

Sq@ The An o

A is invertible.

Ax = b has a unique solution for every b in R".
Ax = 0 has only the trivial solution.

The reduced row echelon form of A is I,

A is a product of elementary matrices.

rank(A) = n

nullity(A) = 0

The column vectors of A are linearly independent.

The column vectors of A span R".

The column vectors of A form a basis for R".
The row vectors of A are linearly independent.
The row vectors of A span R".

m. The row vectors of A form a basis for R”.

i
O.

detA # 0
0 is not an eigenvalue of A.

rank "k, FRRABME A PEZ/DERICA MBI
WERE (tTEERIIEE) -
BOERR - rank SEFREEBRERIERHE © 2 /0@

TEuUEM .
« nullity "EE, 3 "ZE ERERT
BAx = O - EEE”%ZE’MIEI%Z Jﬂﬁ‘f%@%

& (null space ) WAEE -

o nullity(A) = k =7~A k EBERF [0 LGE
Ax = 0 AX1I -

« BHEL :nullity 8K - FR Ax = 0 BHEZIF
SR - nullity =0 RRRBEEHx=0

rank-nullity theorem :

rank(A4) + nullity(A4) = n

A WRES& MBI

S B2FE cla; Fcay + -+ cpa, = 0

S & = C2:”':C‘n:0 Vi AV
TR L S S A B 1T
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Theorem 4.18 AXx = AX.

Let A be a square matrix with eigenvalue A and corresponding eigenvector x.

a. For any positive integer n, A" is an eigenvalue of A" with corresponding
eigenvector Xx.

b. IfAisinvertible, then 1/A isan eigenvalue of A~ ' with corresponding eigenvector x.

c¢. If Aisinvertible, then for any integer #, A" is an eigenvalue of A" with corre-
sponding eigenvector X.

|

Example 4.21 Compute [0 1]10[5}
2 1] 1]

Solution let A = {0 1} and x = [5];
2 1 1
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Theorem 4.19

Suppose the n X n matrix A has eigenvectors v,, v,, . . . , v,,, with corresponding
eigenvalues A}, A,, ..., A,,. If xis a vector in R" that can be expressed as a linear

combination of these eigenvectors—say,
X:CIVI +C2V2+ "'+Cme
then, for any integer k,

Ax = cAv, + oMv, + -+ ¢ My,

Theorem 4.20

Let Abeann X nmatrixand let A}, A, ..., A, be distinct eigenvalues of A with cor-
responding eigenvectors v, v,, ..., V,,. Then v, v,, ..., v, are linearly independent.

TEXBI‘GiSBS 4.3

A

.
1,6, 15, 17, 23




	投影片 1
	投影片 2
	投影片 3
	投影片 4
	投影片 5
	投影片 6
	投影片 7
	投影片 8
	投影片 9

