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a
Recall that the determinant of the 2 X 2 matrix A = is

det A — allazz — a12(121

— R (RER)

THRELE LN EERE  ERMIMEIRE "EE (HEE 4 — - , = = -
TAIRERM LZROEERE | BRSNS I8 (EE ) o BORBCKEEE/ LA TRt FLUEEMESTY (EE = 1) SBEE A B -

0% RIS E — AR ILER -
EETAMEMNERETE |det(4)].

2 A e RV BEER—EREES
T — Ax.
meEx :
o |det(A)| > 1: EEEMA
o 0 < |det(A4)| <1: EiE#HMRN
o det(A) =0 EEER 0 (EEEMERERMK—IFR)

SEESRERAEEBTNETLE - BEEBEATRERN -
THIRABEE | det(A)| MEEEWIAE "n E52TE ) OAEEE -

. a a
Let’s compute the area of the parallelogram spanned by the columns of a matrix A = [an alz] y
21 22
a11 + a2 a1l
a‘21 + a22 ............... E ................................. ;
a1z a21
“ais
a2 P
a2
Ty
a2 :
a1y . ;
a21 a2 Y
ai
area of parallelogram = (aj1 + a12)(a21 + a22) — a12690 —l@11a21 — 2a91812
= @@zt + 011022 + Q12021 +-a1282e — Gtadee —atrdet — 2021012 ,
" b x

= Q110622 — @210a12

This number a;1a920 — a21a12 is called the “determinant” of A
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, S0 for the 2 X 2

The determinant of a matrix A is sometimes also denoted by | A

: _|an  Aap )
matrix A = we may also write

Ay A4y

a4y

‘A‘ = = dn Ay A1,07,

dy; Ay

inverse of a matrix.
apy dyp 2%%) a

dy; Ay A110,) — Q1071 | — Ay 238
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Defimition  LetA = | a, a, a,; |. Then the determinant of A is the scalar

| 37 d3p;  Asz ]

a a a a a a
detA - ‘Al = i 22 23 21 23 £ aia 21 22 (1)

— a4y

Asp ds3 ds; dsj asz; dsp

Equation (1). If we denote by A;; the submatrix of a matrix A obtained by deleting row
i and column j, then we may abbreviate Equation (1) as

det A — all det A]l B 6112 det A12 + 6113 det A13

(_ 1)1+ja1j det Al]

3
=1

J

For any square matrix A, det A;; is called the (i, j)-minor of A.
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Example 4.8

Compute the determinant of
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(2)

This method gives

A110,033 T A1yAy303; T Q1305103 — 3105013 — 30,307 — 330507

| "
Example 4.9 Calculate the determinant of the matrix in Example 4.8 using the method shown in (2).
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Definition  1etA = [a;] be an n X n matrix, where n = 2. Then the deter-
minant of A is the scalar

detA — ‘A‘ = all det All I 6112 det A12 + * | + (_1)1+na1n det Aln

n . 3
= > (=1)'"a,;det A, G)

j=1

cofactor expansion along the first row.

It is convenient to combine a minor with its plus or minus sign. To this end, we define
the (i, j)-cofactor of A to be

W ith this notation, definition (3) becomes

det A = EaUCU (4)
j=1
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Theorem 4.1

The Laplace Expansion Theorem
The determinant of an # X n matrix A = [a;], where n = 2, can be computed as

det A = a;,C; + a,Cy + - -+ + a,C,,

i (5)
= 21 azCy
]:

(which is the cofactor expansion along the ith row) and also as

detA — aljclj 1= asz 2j < v » e ananj
& (6)
= 245G
=1
(the cofactor expansion along the jth column).
P ’
Cj = (—1)""7 det 4, -+ -+
T

“checkerboard” pattern: "
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Example 4.10 Compute the determinant of the matrix

2 —3 2
Y A=|1 0 2
42 =1 3

by (a) cofactor expansion along the third row and (b) cofactor expansion along the
second column.




Example 4.11

Compute the determinant of

[S—
I
[—
o O NN O
S W O

Example 4.12

Compute the determinant of

o
[l
o O O O N
o O O W
o O = N =
o L O o O
— N O N
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Theorem 4.2

The determinant of a triangular matrix is the product of the entries on its main

diagonal. Specifically, if A = [a;] is an n X n triangular matrix, then

det A = a6, a,,
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Theorem 4.3 Let A = [a;] be a square matrix.

Proof

a. If A has a zero row (column), then det A = 0.

b. If Bis obtained byinterchanging two rows (columns) of A, then det B = —det A.

c. If A has two identical rows (columns), then det A = 0.

d. If B is obtained by multiplying a row (column) of A by k, then det B = k det A.

e. If A, B, and C are identical except that the ith row (column) of Cis the sum of
the ith rows (columns) of A and B, then det C = det A + det B.

f. If B is obtained by adding a multiple of one row (column) of A to another row

(column), then det B = det A.

(c) If A has two identical rows, swap them to obtain the matrix B. Clearly, B = A, so
detB = det A. On the other hand, by (b), det B = —det A. Therefore, det A = —det A,

sodetA = 0.
(d) SupposerowiofA is multipliedbyk to produce B; thatis, b; = ka;forj=1,...,n
Since the cofactors Cii of the elements in the ith rows of A and B are identical (why?),
expanding along the ith row of B gives

detB = Esz Eka,jcy = kzauc = k detA
j=1 '

(e) As in (d), the cofactors Cj of the elements in the ith rows of A, B, and C are
identical. Moreover, ¢; = a; + b forj=1,..., n. We expand along the ith row of C
to obtain

detC = >'c,C; E(ay + b,)C; EaUCIJ +2byC = detA + detB
j=1




Example 4.13

Compute det A if

2 3 -1
(@) A = 0 5 3
—4 -6 2
[0 2 —4 5]
3 0 —3 6
(b) A =
2 4 ST
5 -1 -3 1
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Theorem 4.3

Let A = [a,j] be a square matrix.

o a0 o

s}

(column), then det B = det A.

If A has a zero row (column), then det A = 0.

. If Bis obtained by interchanging two rows (columns) of A, then det B = —det A.
If A has two identical rows (columns), then det A = 0.

. If Bis obtained by multiplying a row (column) of A by k, then det B = k det A.
If A, B, and C are identical except that the ith row (column) of Cis the sum of
the ith rows (columns) of A and B, then det C = det A + det B.

If B is obtained by adding a multiple of one row (column) of A to another row
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Definition  An elementary matrix is any matrix that can be obtained by per-
forming an elementary row operation on an identity matrix.

1 0 0 5 7 5
E=10 0 1 and A=|—-1 0 EA =
0O 1 0 8 3 —1

Theorem 4.4  Let E be an n X n elementary matrix.

a. If E results from interchanging two rows of I,, then det E = —1.

b. If E results from multiplying one row of I, by k, then det E = k.

c. If E results from adding a multiple of one row of I, to another row, then
detE = 1.

Proof Since det I, = 1, applying (b), (d), and (f) of Theorem 4.3 immediately gives
(a), (b), and (c), respectively, of Theorem 4.4. .

Llemma 4.9 LetBbeann X n matrix and let Ebean n X n elementary matrix. Then
det(EB) = (det E)(det B)

Theorem 4.3

fet A =_[a~~] be a square AL d. If Bis obtained by multiplying a row (column) of A by k, then det B = k det A.
y e. If A, B,and C are identical except that the ith row (column) of Cis the sum of
a. If A has a zero row (column), then det A = 0. the ith rows (columns) of A and B, then det C = det A + det B.

b. If Bis obtained by interchanging two rows (columns) of A, then det B = —det A. f. If B is obtained by adding a multiple of one row (column) of A to another row
c. If A has two identical rows (columns), then det A = 0. (column), then det B = det A.




14/21
Theorem 4.6 A square matrix A is invertible if and only if det A +# 0.

Summary of the ""Dead End"

Proof Let A bean n X n matrix and let R be the reduced row echelon form of |
show first that det A # 0 if and onlyifdet R # 0.

were

It

Let E, E,, . . ., E, be the elementary matrices corresponding to

the elementary row operations that reduce A to R. Then

E . e EZE lA = R Llemma 4.5 LetBbeann X n matrix and let Ebe an # X 1 elementary matrix. Then
r s e = ™"
det(EB) = (det E)(det B)

aPPIYIHg Lemma 4.5 > we Obtaln Theorem 4.4 Let E be an n X n elementary matrix.
a. IfE results from interchanging two rows of I,, then det E = —1.
e — b. If E results from multiplying one row of I, by k, then det E = k.
( det Er) ( det EZ) ( det E l) ( det A) - det R c. If E results from adding a multiple of one row of I, to another row, then
detE = 1.

By Theorem 4.4, the determinants of all the elementary matrices are nonzero.

COHCIUde that det A + 0 ].f and Only ]f det R #+ 0. Tﬁeorem 3]2 The Fundamental Theorem ofrlnvertible Matrices: Version 1

Let A be an n X »n matrix. The following statements are equivalent:

. Ais invertible.

. Ax = b has a unique solution for every b in R".
Ax = 0 has only the trivial solution.

. The reduced row echelon form of A is I,,.
A is a product of elementary matrices.

~

Nowsuppose that A is invertible.
Then,bythe Fundamental Theorem of Invertible Matrices,

R=1,s0detR =1 +# 0. Hence, det A # 0 also.

o aan o

CODVGTSGIY, lf detA == 0’ then det R # O, Theorem 4.3 Let A = [a;] be a square matrix.

a. If A hasa zero row (column), then det A = 0.

so R cannot contain a zero row, by Theorem 4.3(a).

It follows that R must be I, (why?), so A is invertible, by the Fundamental Theorem again.




Theorem 4.1 If A is an n X »n matrix, then

det(kA) = k" det A

Theorem 4.8 IfA and Bare n X n matrices, then

det(AB) = (det A)(det B)

Proof
If A is invertible, then, by the Fundamental Theorem of Invertible Matrices,

elementary matrices E,E,- - - E;

A = EE, - -E
Then AB = E\E, -+ EB, so k applications of Lemma 4.5 give
det(AB) = det(E,E,- - -E;B) = (det E;)(det E,) - - - (det E;)(det B)
Continuing to apply Lemma 4.5, we obtain
det(AB) = det(E,E,- - -E,)det B = (det A)(det B)

if A is not invertible, then neither is AB, by Exercise 47
in Section 3.3. Thus, by Theorem 4.6, det A = 0 and det(AB) = 0.

Consequently, det(AB) = (det A)(det B), since both sides are zero.

15/21
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\ 4

Example 4.14 1

z a 1
Applying Theorem 4.8 to A = [ } and B = {2 J, we find that

2 3
{12 3]
B =
16 5
and that det A = 4, det B = 3, and det(AB) = 12 = 4-3 = (det A)(det B), as claimed.
#—>  (Check these assertions!) f
Theorem 4.9 If A is invertible, then
» 1
det(A™!) =
det A

Proof Since A is invertible, AA ' =1, so det(AA™!) = det I = 1. Hence,
(det A)(det A™') = 1, by Theorem 4.8, and since det A # 0 (why?), dividing by
det A yields the result. _m
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Theorem 4.10  For any square matrix A,

det A = det AT

For an n X n matrix A and a vector b in R",
let A;(b) denote the matrix obtained by replacing the
ith column of A by b.

Column i

i
Az(b) = [al' ) b ) 'an]

Theorem 1.11 Cramer’s Rule

Let A be an invertible n X #n matrix and let b be a vector in R". Then the unique
solution x of the system Ax = b is given by
_ det(A,(b))

X, =————— fori=1,...,n
det A
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Example 4.16

Use Cramer’s Rule to solve the system

—x; + 4x,




Theorem 4.12 Let A be an invertible n X # matrix. Then

the invc'erée of A is the transpose of the matrix of cofactors of A, Al = adj A
divided by the determinant of A. det A

formula for the inverse of a matrix in terms of determinants.

19/21

If A is an invertible n X n matrix, its X1j
inverse is the (unique) matrix X that satisfies the equation AX = L . = x
: i | i
Solving for X one column at a time, let x; be the jth column of X. -
[ Xnj
det(A(e))
Therefore, Ax; = e, and by Cramer’s Rule, x; = T detA adjoint (or adjugate) of A and is denoted by adj A.
ith column I C11 C21 Cnl i
\ Gy G G
. 1= 12 22 n2
a“ alZ “ e O “ e aln [le] - [CU] - . : :
a a R | I | , ’ ’
- £ ¢ Cln C2n Cnn_
det(A,(e])) = = (_l)i+idet Ajl == le
ajl a]z . .. l . .. aj’l
Gy By w5 § 85 @, which is the (7, z)—cofactot of A.

J

It follows that x; = (1/det A)C;, s0 A~ = X = (1/det A) [Ci] = (1/det A) [C,-j]T.
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Example 4.11

Use the adjoint method to compute the inverse of
2 —1
2 4
3 =3

A
I
i\ I
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lemma 4.13 Let A bean n X n matrix. Then

a;,Cy; + a;Cy + 200 + ay,Cy, = detA = @0 @0 e i C (7)

Lemma 4.14  Let A bean n X n matrix and let B be obtained by interchanging any two rows

(columns) of A. Then
detB = —det A

IEXBI‘BiSBS 4.2

5,9,12,17, 23, 26, 29, 37, 48, 49, 56, 59, 61
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