/QESME nJr

1EX nX
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s 2EfLET (parameter estimation)
(FMAEARET = MEWRR SRR SIS S EETHM, DURESERRRM)
s wafhET (BEE - RABMLUE - &)V FEFRZR)
o STERER R - BAH - — B BINEERREY - THOM -
s EfEfhE

s FEHEREREE (Hypothesis Testing)
n B8 B8 L fE
s BEFHHIRE (BE—&RAUERE)

s RAHERE (chi-square test): E—MmE - BUMETE - BEEWE
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1. Suppose the sample are iid from a distribution with density function

f(X10) , where 6 is a parameter.

2. The likelihood function is the conditional probability of observing
the sample , given 6

L) = [ f(xi6) .

=1

(a) The parameter could be a vector of parameters, § = (01, - ,60p) .

(b) The likelihood function regards the data as a function of the
parameter 6

(c) The log likelihood function

1(0) = 10g(L(8)) = > 10g f(z:]6) .

=1
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1. The method of maximum likelihood was introduced by R.A. Fisher
(1890-1962, English statistician).

(a) By maximizing the likelihood function L(6) with respect to
0, we are looking for the most likely wvalue of 6 given the

sample data

(b) ©: parameter space of possible values of 6.

(c) If the max L(8) exists and it occurs at a unique point § € ©,
then 6 is called _maximum likelihood estimator of 4.

OL(O) o'L(6)
—T%T—n_o H 0 <0

ALHEA
1 BRI
2. B E—ERENEAR B
3. StEfEEt RO

4. LIz E R SRS B R
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R BE—E I - STMNPIERBRG RS > WS RERIHDET » 28
RAI—RBEHPER > RS2 BILEM o

Rt iE s 5 R > QAT 1 RAE 4 NP> Hih 3 REEHE - 26
RAPERRS po FARBE TN p BEAZD?

. . RF(63)BHBLEY
ke U 1 (%) (L ikelihood function) -

ER R { . DR MAEEL AL IE

0 (&H15E) K EHpEhE EEEH A IS
o i 2R R R K 2R
BRPANRES p emmpmeme p i
YRR 2 (1 - p) . ERWEAE - S

B D B FR ORY p, Blibp
o] DRI EH IR A E -

Allft 5 AP AT 43 B2 2 - G N L
. BILE

P(X = X) - P(X = Xp) - P(X = X3) - P(X = X,) - P(X = X5) ﬁé‘?"?ﬁ;’ﬁﬁﬁﬂﬁﬁﬂ
—p-(1—p)-(1—p)-p-(1-p) LR TNEBKRERE (Loss
— p2-(1—p)3 (6.3.2) function), BRI %EE -
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P(X=X)) - P(X=X,) - P(X=X3) - P(X = Xy) - P(X = X;)

—p(l—m-ﬂ—p%p'ﬁ—p)

= p2 - (1 — p)S 0.0351 —
/1N
log(p*(1 — p)*) = 2logp + 3log(1 — P) — [ | \ B
2 3-(-1) 0.0201 \ 4L
— + =0 a \
4 1-p — 0.015 / \
© 2l—p)—3p=0 0.010
o op =2 0.005 /
& P= % =(].4 0.000 / -
00 02 04 06 08 1.0
EARELEETE

p
2 6. & s £ AR R
(maximum likelihood estimator, MLE) W 6-13 WA p o HEMAROENDE

AR SRS ERKREAE - MAER/IME?

- BABMERDERRE TEBOIREMAER 0. W2HE - BIEE  RENSBOATA
RO R B IR ) E S SRR -
BN BB S BA BB EN RO~ 1) ARMA - BERSARER0 - MER OHE
B/MVE - ik R U R RS A AR RIS -

HMFEZENBUIRRBAEOBERERIEN - AILBEEEEMAERNZSET 2R MER -
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Fégr

QO Lo )

:c o

S ;
&
-

mle {stats4}

Suppose Y7, Y> are iid with density f(y) = 6e~%, y > 0. Find the MLE
of 6.

By independence,L(0) = (0e~%1)(ge=02) = g2 0witw2)

(a) Thus £4(0) =
tion to be solved is

2

d
L0 = Sty fys) =0, B0

(b) The unique solutionis 8 = 2/(y1 + y>)

(c) Therefore the MLE is the reciprocal
this example.

2logf — 0(y1 + y2) and the log-likelihood equa-

, which maximizes L(6).

of the sample mean in

(a) The mle function takes as its
first argument the function that
evaluates —£(60)

— log(L(6)).

(b) The negative log-likelihood is

minimized by a call to
optim, an optimization routine.

>y <- ¢(0.04304550, 0.50263474)
> theta hat <- length(y) /7 sum(y)

> theta hat

[1] 3.66515

>

mlogL <- function(theta = 1) {
n <- length(y)
f <- -(n * log (theta) - theta * sum(y))
f

}

library(stats4)
fit <- mle(mnloglL)

vV VV+ + + +V

> summary(fit)
Maximum likelihood estimation

Call:
mle(minuslogl = mloglL)
Coefficients:

Estimate Std. Error
theta 3.66515 2.591652

-1.195477

-2 log L:
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EH:  F X, X, ~iid N(uo?). KW, 6?) ZMLE -

fla | pyo?) = — exp(("”“))

2mo? 207

The probability density function for a sample of nindependent identically
distributed (iid) normal random variables (the likelihood) is

n n/2 n T; — 2
f(ml,...,mn|p,02):Hf(xi|,u,,c72)=( - ) exp(zz_l( 5 K ),

2
el 2o 20

£([£,0’) :f(mla"'amn |“3J)

3

log(£(1,9)) = (~n/2)log(2m0®) — — > (2 — )

—2‘1’?,.’1_3— i .
0= Progltuon =0~ —Z M. mh [ p=a=Y % Bj=,

202

https://en.wikipedia.org/wiki/Maximum likelihood estimation
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L ~ 1 « _
# =N p=p | T = (62

The maximum likelihood estimator (MLE) for 6 = (i, o) is

N Ly 2 1 _\2
== : J:—Z(m,,;—:v)
' n =
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optim {stats}

S
-0
Fﬁ}
0‘&_
=

> loglikefun <- function(x, par){

+ mu <- par[1]

+ sigma <- par[2]

+ n <- length(x)

+ loglikelihood <- - (n /7 2)*(log(2 * p1 * sigma™2)) +

+ (-1/(2 * sigman2)) * sum((xX - mu)"2)

+ # return the negative to maximize rather than minimize

+ - loglikelihood

+ 3}

>

> set.seed(1123) 1 &
> x <- rnorm(100) log(L(u,0)) = (—n/2)log(2m0?) — — Y (z; — p)*
> X <- x/sd(x) * 8 # sd of 8 202 =
> X <- X - mean(x) + 10 # mean of 10

> cat("mean(x) =", mean(x), ", sd(x) =", sd(x))

mean(x) = 10 , sd(x) = 8

> optim(par = c(0.5, 0.5), fn = loglikefun, x = x)
$par

[1] 10.001693 7.975965

$value
[1] 349.3359

$counts

function gradient
95 NA

$convergence

[1] O

$message

NULL
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s EEMEETEAEARMNERESECKEETE  ABRE—EEBEKE
(Confidence Level) & - Ex—E L FaEF @ HEEEAEEERE
(Confidence Interval) - EEE/KEZEZEBEEHESENIEE -

» 5% EEEERR® - 100 XEEERE - BELNBZEES

Interval Estimate of Population Mean

95 %

EHAREA(n> 30) - BB, Xy B
FR o R PR E 3 AN K ~N(u, 6>/n) Z = o/ P(—2<Z<2z)=1-«

"
I
I
I

(V] e]

1-0.=.95

=025 !
2= & 1 (®(2)) = & 1(0.975) = 1.96, ~
o

Lower

Confidence Point Estimate

Limit

O.95=1a=P(z§Z§z)=P(1.96§ _”51.96) 1

— P (X 1.96

Sl
3

https://hmwu. idv.tw




Q‘
b
)
J I I -' -

RBTEREETERE - 2&8t&155E U ERIAOS - LX%E/\(65%LXJ:)EE@$%
HisE&EE ° fﬁE%ﬁ_ME%/\TnTE?’EtH%EEAE’JEaﬁﬁ B - RUEZE FEEFA
BEGRNEE - LOREBRMNBNEE - ML TIRZHRBEMEAHENSIcH
I00UZAREERERNEE - GRS BEHEASRNFHORER 21.2/0\ -
RERBBEFRHAENER - SHSEREERBENREERS/NE - BT
SWEEKETD  BERHESRFIKENEERER/M ?

4§*é7j(2%%95% ’ X=21.2,J\H.%:- » O =8;J\H-'I—f]:- » n =100

X eyt A ENE N~(noy) mp P(X-ul<1.960.)=0.95

o 8
_ =0.8 Fl-a ZHAKRET  FRPFAHABRGEHEER B
NN T _
)Y'jzzza/ZCif
) 19.632 < 11 <22.768
XiZa/20X:21.2i1.96X0.8 » > alpha <- 0.05

> Xbar <- 21.2

ojism . "EFASERFHESEENERET |2 ﬁiSTalgg 8

19.632~22.7§8 N2 - mUE—&ET{E | > v <- gnorm(i-alphas2)*(sigma/sqrt(n))
BE(EHRRE)BI5% - S e 0n o
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.

R 12 E 2 — AR A E SRR EERNhERE RS BNER -

#IA1):

" & & Z N (Massachusetts) AL F 19— M1 & A5 M (regular unleaded gas) B2 $2.5 7"

AR LAIE? \.;?_
= WAL HEEE - '
n EHE—/\EMDIDHIEE R EERE -

BB LREL IS REFIIEEB32.27T.
s B30 ERZMEHE R (chance variability) W4ER - BZ
R AREAE?

/}://?(2): (20%) AN SFRBHRE T RNBENRE - ERED (B2/\E - BE  HhE  BRERNS
=) AN

I
%
a2

Al

68, 64, 58, 68, 55, 52, 51, 52, b4, 57, 59, 62, 53, 58, 61

EBRAMER LMRET T S8 ZE%5758.13333" - MEREHDERNEEE Tss, - BEAT]
AERHESEL NS - AR/ FRESE  BEETEBEEE: " FIOREEZE
RIER  EHRFRERZBREREMS ., (TRE] - R BEZRUEZE 60 2 (B) LlL) -
FRESHESMBHAMEN 2 v - BEEEMETEESRE BELONRESHNIEZF T
§I55 BE ({Eggﬁ:ﬂ%gﬂﬂgﬁgijﬁﬁ - BEE K E (a) A 0.05  t-value: t(0.05,14) = 1.7613515(0,05115) =
L7530, t(0.025,14) = 2.1447, {(0.025,15) = 2.1314 - Tl TEEEEE  BEPNE—ETE (Ho Ha. - .
Conclusion) &Y )
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E#ZE R (Null hypothesis):
= Hy p=2.5. (the average price of a gallon of gas is $2.5)

E—i% (alternative hypothesis):
= H,: p>25. (gas prices were actually higher)
u Ha' n < 2.5.
s H,p =25 (BRRE)

#Z K E (significance level )(alpha):
. BELRE -

» Alpha = 0.05: the probability of incorrectly rejecting the null

hypothesis when it is actually true is 5%.

(EEBREZ T BREERRIOER)
(SRR IE 4B R IR R RV R)
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)

Fég?

Oz A

%) o

5‘ :E
(W
-

{FREstR

R

(Decision)

HERE

HE (Truth)

Hy
Reject H,  Typel Error

(0)

(false positive)
Fail to Right
Reject Decision
H, (true negative)

TIEAE S R RVIREE
H, is true ERIHRR ——
I\\ is false

\'i\'i\'i\

Q

See
_____________

BT

B—fhz= BERINEHR

https://tawethuang.hpd.i0/2017/01/11/poorpvalue/
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H;

Right
Decision
(true positive)

Type Il Error
(B)

(false negative)

Power

=1_B

H,: Not Pregnant

Type II error
(false negative)

Type I error
(false positive)

https://effectsizefaq.com/category/type-i-error/

BERE a
H, is true ERERR
7
/ \ H,is false
1” ‘\\
1
BT@E  B—3E BEINES




p-value: | |
m EE EEHCRB)HMERAART - 8EEA Hy(EERER)MN&/NEZEK
# - (Reject Hy | Hy true)
n EH,BE - AREHRTEHIRERRIUERAR) O] EEHE -
(Ep-valuetdi/)\ - RAHEEAEATIEELIR - FILHEEERE - BEH,) -
=  p-value : PURBRMERFTETRIER - o/BEIE type | error BITEER -
(FEp-valuetli/) - RREBH, A KOEERE - BILERH,) -

Harry Potter,
53 #8618 (Sorting Hat)

MEEE
AR AR

m 1B#EH, & p-value tbalpha/ly -

s P<0.05commonly used.
(fE#EH, - M T EHER(significant)
m The lower the p-value the more

H, is true

significant. , .
https://taweihuang.hpd.io/2017/01/11/poorpvalue/

BEINESN
BESE &

WER - BEEXBHT pERIRKEHN
http://blog.udn.com/nilnimest/84404190
HEREBHEB2016F1I0RET+EF_H

https://hmwu. 1dv.tw

"REZFERERNESR - p-valuelliZERRE - REFEEXRAE - F1EREE
Sa#etEEN - BAmodelH#EHIHZRIRp-value A —1x - 2{FEHp-valuefFig
E - ZIEBIRaCRMEEER - FILIREA R Ep-value - TEa - RE TaZ% - 7
MBEHEREAEEE - BRI—EBESNERUE - W ABRGSRGHREER
MR - sl @model B RINRE - B ZEp-valueT DIEERFIRAY -




The hypothesis tests provided in the base installation include':

Hypothesis tests

L.lest
wilcox.test
var.test
cor.test
binom.test
prop.test
chisq.test
fisher.test
friedman.test
kruskal.test
ks.test

one and two-sample t tests
one and two sample Wilcoxon tests

SPRIMGER BRIEFS IN STATISTICS

one and two sample F-tests of variance

Correlation coefficient and p-value (Pearson’s, Spearma
Sign test of a binomial sample

Binomial test for comparing two proportions
Chi-squared test for count data

Fisher’s exact test for count data

Friedman’s rank sum test

Kruskal-Wallis rank sum test

1 or 2-sample Kolmogorov—Smirnov tests

Mike Allerhand

100 STATISTICAL
TESTS IN R

N.D.LEWIS

Easy R Series
Heather Hills Press

https://hmwu. idv.tw

 ATiny Handbook of R

N.D Lewis, 100 Statistical Tests in R, Publisher: CreateSpace Independent
Publishing Platform (April 15, 2013)




r"?ﬁ

Sanf
N e

f.

Hypothesis | One Sample Two Samples > two Groups
Testing - Paired data Unpaired data Complex data

Parametric t-test t-test One-Way Analysis of

(variance t.test (x-vy, t.test(x, v, Variance (ANOVA)

e ual) var.equal = TRUE)| var.equal = TRUE) aov (x~g, data)

q oneway. test (x~g, data,
t.test(x, vy, var.equal = TRUE)
paired = TRUE,

t-test var.equal = TRUE)
Parametric t.test (x, Welch t-test Welch t-test Welch ANOVA
(Variance mu = 0) t.test (x-y) oneway . test (x~g, data)
t.test(x, y)
not equal)
t.test(x, y,
paired = TRUE)
Non- Wilcoxon Wilcoxon Wilcoxon Rank-Sum | Kruskal-Wallis Test
Parametric Signed-Rank Signed-Rank Test (Mann-Whitney
(=B HRE) Test Test U Test) Persrelel e (e, T
wilcox.test (x,| wilcox.test (x-y) wilcox.test(x, y)
mu = 0) wilcox.test(x, vy,
paired = TRUE)

pairwise.t.test {stats}: Calculate pairwise comparisons between group levels

with corrections for multiple testing
TukeyHSD {stats}: Compute Tukey Honest Significant Differences
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0
' She
A&

,%

#

=5
1%
-

E’JEZ FHAFEIRE:
= B R A R R E T
{812 % 5 B8 8200mg KR1?

- HIRER SEBEEEE LRVIRR TIE

BEERZR20AE=NERE ) 2F1E
Te?

- REEREBRNE—EEK-
. Ho: p = o

c ETa

° LIQ :g:-l-*l' X1,X2, ey X °

«  BRALfRER -

- ETEFI9E
° -\-I_v—t— AA/:E EE-I_E °
- BpE-

o fHORER

p-value approach

Critical value approach

One sample t-test

Hy = o /” EEJ:* /IE (two-tailed test)
Hy : p# po (two-tailed). EE*}’J{

J: population mean.

a: significant level (e.g., 0.05). ]
Test Statistic: yore E HO 2 o
X —pu X — g ) o -
T="""0 t= - (Lower tail) a -« M < o
N
. Hy:p<p
X sample mean. U ﬁt,:%I 0 - = Ho
rta
S': sample standard deviation. (Upper tail Ha T Ty
n: number of observations in the sample.
e Reject Hy if [to| > tajon—1.
e Power =1 — j.
THYFRER 73
o (1 — )100% Confidence Interval for p:

) ) (sampling distribution)
X — QJ/QS/\/E <pu< X +taf28/\/i_

p-value = Py (|T| > t5), T~ t,_1.

p-ya.‘fuc/Q

1
DA _2.[]64? 0 tg_l.D_OQI‘ 2.064
| Reject Hy

X —
S/\/mn

—1, fo =

p-value /2

T
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=R VAN e t‘ﬁﬁ”_&?r (%I%EE@)
BRXEEFHIHOBUNBHRES [ e ) 4 (R D).
(FERSROEEES .
FERe ERA) - 049
0.35}
X=X+ +X,)/n 0.30f
0.25
1 n N T 0.20f
2 — P
Su? = — le (Xt X.n) s
i= 0.10f
o 0.05)
:Xn_,u- t 0.00_4_3_‘2_*16-1534
Sn/\/ﬁ (n 1) 1 degree of freedom 5

* William Sealy Gosset, a chemist working
for the Guinness brewery in Dublin,
Ireland. "Student" was his pen name.

o
* 1908, Biometrika. Wiliam Sealy Gosset, who &l
developed the "tstatistic" and published
it under the pseudonym of "Student".
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=27 i (Normal)

n ERMEREEDM
(BERHE - A—LARERIHES
BARRA - @5
MRF TREHRE, -)

n IR ER LA
m Plots: Histogram, Density Plot,
QQplot,...

m Test for Normality: Jarque-Bera
test, Lilliefors test, Kolmogorov-
Smirnov test, Shapiro-Wilk test.

[FE ¥ (Homogeneous)

s (BRAURTE) MEIENEER
ZAEE -
m Test for equality of the two

variances: Variance ratio F-
test.

m Testsin R:var.test,
bartlett.test,
ansari.test, mood.test,
fligner.test,
leveneTest.




T
(

)
Fs}

o U‘
" 9
N 1%

(W
-

. — . _ BRAS 5)(50%)
HO. u=20, Hy:pu+#20a=0.05. . e 50
.- ek EA=) 205
L B2 iy Ny — | . alr: - &
31 REEEENEHAEZ=(TE): o e o
20.70, 27.46, 22.15,19.85, 21.29, 24.75, 20.75, 22.91, 25.34, 20.33, 21.54, 21.08, AR 35%
22.14,19.56, 21.10, 18.04, 24.12, 19.95, 19.72, 18.28, 16.26, 17.46, 20.53, 22.12, mEH 15%52
25.06, 22.44, 19.08, 19.88, 21.39, 22.33, 25.79 O 2
Normal Q-Q Plot i 25
Histogram of protein s 8%

> kz.test{log(protein), "pnorm™)

One-sanple Kolmogorov-Smirnov test

data: log(protein)
D = 0.99735, p-value = 3.331le-16
alternative hypothesis: two-sided

Frequency
Sample Quantiles

> ghapiro.test(protein)

T T T T T T 1
16 18 20 22 24 26 28

Shapiro-Wilk normality test

Pratein {gram
@ ) Theoretical Quantiles data: protej_n

W = 0.%7¢8, p-value = 0.71591

> t.tezt(protein, mu = 20)

One Sample t-test j:E r$i’]$|§|mﬂ\%§fl EA 20J E/JEIE.I-LA\\1EX
T ERENALE  BEOEASHEE
t = 3.0668, df = 30, p-value = 0.004553 |3;,-\ MUK 20 -

alternative hypothesis: true mean is not egqual to 20
95 percent confidence interval:

20. 46771 2233225 SREMESEN - R RRENE - U

sample estimates:

nean of x ' BELTIIE 20 R EHERIBEER

21.4
https://hmwu. idv.tw




! t.test {stats}
Gl

Description: Performs one and two sample t-tests on vectors of data.

Usage: t.test(x, y = NULL,
alternative = c(""two.sided", "less", ''greater'),
= 0, paired = FALSE, var.equal = FALSE,
conf._level = 0.95, ...)

> X <- @1ris$Sepal.Length § —

>y <- Iris$Petal.Length ©

> alpha <- 0.05 3

> (vt <- (var.test(x, y)$p.value <= alpha)) -4 B

[1] TRUE —

> t.test(x, y, var.equal = Ivt ) ~ —— B
Welch Two Sample t-test o - =

] | T |
Sepal.Length Sepal Width Petal.Length  Petal \Width
data: x and y

t = 13.098, df = 211.54, p-value < 2.2e-16
alternative hypothesis: true difference i1n means i1s not equal to O
95 percent confidence interval:
1.771500 2.399166
sample estimates:
mean of x mean of y
5.843333 3.758000
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B-statistic

statistic t = M

Lonnstedt and Speed, Statistica Sinica 2002: parametric empirical Bayes approach.

e B-statistic is an estimate of the posterior log-odds that each gene is DE.
e B-statistic is equivalent for the purpose of ranking genes to the penalized t-

Vatsh)/n’ where a is estimated from the mean and standard
-8 n
deviation of the sample variances s°.

ng'#gao'g ~ N(#ga 0'3

Penalized t-statistic
Tusher et al (2001, PNAS, SAM)
Efron et al (2001, JASA)

t = L
(ats)/vn

P(uy # 0|M,;)
B =1 g gj
9708 P(ug = 0|M,;)

Lonnstedt, I. and Speed, T.P. Replicated microarray
data. Statistica Sinica , 12: 31-46, 2002

Penalized two-sample t-statistic

(Lonnstedt et al 2001)

_ b
t = s*x Sk

multiple regression model

General Penalized t-statistic

Mi—M
t = A B . _ 5
S*X\/l,an+lan s  where s va-+t s

Robust General Penalized t-statistic
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chisg.test

EHTE: chisq. test

n ESERTE (test of goodness of fit): I EE R &K & EE LA RGN EE R
vANIiTIe

n  E—M1#7E (test of homogeneity): 1 E 241 A B3R5I PRILEHIREHREE —E -

s JEITHEE (test of independence): i EME D RS 2B EE G HEIT -

Ch i Sq = teSt {StatS}: Pearson's Chi-

squared Test for Count Data

Description:

chisq.test performs chi-squared contingency table tests and
goodness-of-fit tests.

Usage:

chisg.test(x, y = NULL, correct = TRUE, p =
rep(1/length(x), length(x)), rescale.p = FALSE,
simulate.p.value = FALSE, B = 2000)
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F_QQ %
of

Hy: In the population, the two
categorical variables are independent.

For testing independence in / x J contingency tables

Hy: mij = mjymy; foralli and j

Wij = nmi; = nm; w4 ; as the expected frequency..

estimated expected frequencies.

nf+) (”+j) NNy

Hij = Npi+p+j =n (
n n n

The Pearson chi-squared statistic for testing Hy is

2
2 o (i — pij)

The X? statistic has approximately a chi-squared
distribution, for large n. (WHY?)

https://hmwu. 1dv.tw

Table 2.5. Cross Classification of Party Identification by Gender

Party Identification
Gender Democrat Independent Republican Total
Females 762 327 468 1557
(703.7) (319.6) (533.7)
Males 484 239 477 1200
(542.3) (246.4) (411.3)
Total 1246 566 945 2757

Note: Estimated expected frequencies for hypothesis of independence in parentheses. Data
from 2000 General Social Survey.

> M <- as.table(rbind(c(762, 327, 468),
c(484, 239, 477)))
> dimnames(M) <- list(gender = c('F", M),
+ party = c('Democrat’,
"Independent™,
"Republican™))

> M
party
gender Democrat Independent Republican
F 762 327 468
M 484 239 477

> (res <- chisqg.test(M))
Pearson®s Chi-squared test

data: M
X-squared = 30.07, df = 2, p-value = 2.954e-07




