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o Zn’: “ESZ(X) REZE(Y) B AinR

st O

s BT (Simple Linear Regression)

s B/NFEFE S mABEUE - BEHFE(ANOVA Table) ~ B &R
= Extract Information from Model Objects
n ARETE T4

m Residual Plots » Normal QQ-plot + A Scale-Location Plot ~ Cook's Distance vs Row Labels -
Residuals vs Leverages * Cook's Distance vs Leverage.

s ZEHPEF (Multiple Linear Regression) Z {8 BYE1#: X0 {0 RS 26T
A

s FREEEEMAIE R (categorical): using dummy variables

n REZIE_TTEE ZESHEER (Logistic Regression)

s R (Collinearity): 2 Z 2 JR[XF(The Variance Inflation Factors)
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Which of your variables is the response variable (REEZ], V)?

Which are the explanatory variable (B2Z£ 2], X)?

Are the explanatory variables continuous (34&) or
categorical ($85!)), or a mixture (ES) of both?

What kind of response variable do you have: continuous
measurement, a count, a proportion, a time at death, or
category?

To determine the values of the parameters in a specific model that
lead to the best fit of the model to the data.
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The Explanatory Variable (X)

= All X's are continuous: Regression

Simple linear regression: y = 3y + f1x + €

Multiple linear regression: y = 3¢ + S1x1 + Bowa + - - + Bpxp + €
Polynomial regression: y = By + iz + +82% + - + Byt + €
Nonlinear regression: y = 6y + 61(1 — €2%) + €

ll4n:

= All X's are categorical: Analysis of Variance (ANOVA, EEZ & 72 17)

Yij = K+ ) + €
y= A0 + €

Il40;

m  X's are both continuous and categorical: Analysis of Covariance
(ANCOVA - HEFZEE01T)

177'|Jt1|]: y=pPo+ frx+0z+e z={01}
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The Response Variable (Y)
= Continuous: Normal Regression, ANOVA or ANCOVA
= Binary: Binary Logistic Analysis

Plyy=0)=1—-m, Ply;=1)=m

w

4 Logistic link function: g(7) = log( )

1l —m
T

l—m

Logistic regression: log( ) = Bo + Bix1 + Paxg + €

= Ordinal: proportional-odds model

B0 | vi(x) =P <jlx), log (1 jj'(:()x)) = 37x
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s Count: Log-Linear Models

BI0: | Y ~ Poisson(u), p=E(Y), logu= B+ Bix1+ -+ Bpry

= Time at death: Survival Analysis

e 7. survival time with a density function f(t).

e 1 — F(t): survival function (i.e., F(t) = fioo f(s) ds).

e ht) = %: hazard function.

h(t)dt: the probability of dying in the next small interval 0t given

survival to time ¢

e Proportional-hazards model: h(t;x) = A(t) exp(87 x)
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m /: nesting of explanatory variables in the model (not division);

The structure of the model: response variable ~ explanatory variables
s Example: fm <- formula(y ~ x)
m Example: Im(fm), Im(y ~ x); aov(y ~ x); gIm(y ~ x)

~:"is modelled as a function of"
. Example: Im(y ~ x)

+ : inclusion of an explanatory variable in the model (not addition);
m Example: Im(y ~ x1 + x2)

— : deletion of an explanatory variable from the model (not subtraction);
m Example: Im(y ~ x1 - 1)

* . inclusion of explanatory variables and interactions (not multiplication);
m Example: Im(y ~ x1 * x2)

m Example: Im(y ~ x1 / x2) # X1EFHIEZLET - B X2 FFHI 72
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y <- rnorm

V V V V

> Im(y ~ x1
Call:
Im(formula =

(Intercept)
-0.13024
X2
0.02093
> Im(y ~ x1
Call:
Im(formula =

x1
0.03885

Call:
Im(formula =

(Intercept)
-0.05122

X2

0.05614

(50)

x1 <- rnorm(50)
X2 <- rnorm(50)
X3 <- rnorm(50)

+ x2)

y ~ X1 + x2)

Coefficients:

x1
0.05576

- 1)

y ~x1 - 1)

Coefficients:

> Im(y ~ x1 * x2)

y ~ X1 * x2)

Coefficients:

x1
-0.03178
X1:x2
0.26850

>y <- rnorm(50)
> school <- as.factor(sample(c(a",
> gender <- as.factor(sample(c('f",
> table(school, gender)
gender
school f m
a 10 12
b 4 9
c 6 9
> Im(y ~ school / gender)
Call:
Im(formula = y ~ school/gender)
Coefficients:
(Intercept) schoolb
0.1198 0.1504
schoola:genderm schoolb:genderm
0.1192 -0.0647

> Im(y ~ gender / school)

Call:
Im(formula = y ~ gender/school)
Coefficients:
(Intercept) genderm
0.1198 0.1192
genderm:schoolb genderf:schoolc
-0.0335 1.0190

b, "c"), 50,
"m"), 50,

replace = T))
replace = T))

schoolc

1.0190
schoolc:genderm
-1.3472

genderf:schoolb
0.1504
genderm:schoolc
-0.4475
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= |:indicates condltlonlng (not "or"),sothaty ~x|zisreadas"y asa
functlon of x given z". Example: In(y ~ x | 2)

= ":":acolon denotes an interaction
= A:B means the two-way interaction between A and B
m N:P:K:Mg means the four-way interaction between N, P, Kand Mg.

> Im(y ~ x1 | x2) > Im(y ~ x1:x2:x3)

Call: Call:

Im(formula =y ~ x1 | x2) Im(formula = y ~ x1:x2:x3)

Coefficients: Coefficients:

(Intercept) x1 | x2TRUE (Intercept) X1:x2:x3
-0.1216 NA -0.08602 -0.20145

> # Create a formula for a model with a large number of variables:
> xnam <- paste(''x", 1:25, sep=""")
> (fmla <- as.formula(paste('y ~ ', paste(xnam, collapse= "+'))))
y ~xXx1 + x2 + x3 + x4 + x5 + X6 + X7 + x8 + x9 + x10 + x11 +
x12 + x13 + x14 + x15 + x16 + x17 + x18 + x19 + x20 + x21 +
X22 + X23 + x24 + x25
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R A * B * Cisthe same as A+B+C+A:B+A:C+B:C+A:B:C
m A/B/Cis the same as A+B%in%A+C%in%B% i n%A

. >y <- rnorm(50)
| (A + B + C)A3 IsthesameasA * B * C > A <- rnorm(50)
. > <—
= (A+ B+ C) 2isthesameasA * B * C — A : B 2 C|l¢ I o€
> Im(y ~A*B *0C) > Im(y ~(A+B +C) ™ 3)
Call: Call:
Im(formula =y ~ A *B * C) Im(formula =y ~ (A + B+ C) ™~ 3)
Coefficients: Coefficients:
(Intercept) A B (Intercept) A B C
0.20776 -0.04336 0.01105 0.20776 -0.04336 0.01105 -0.06969
C A:B A:C A:B A:C B:C A:B:C
-0.06969 0.14857 -0.02269 0.14857 -0.02269 -0.06689 0.08850
B:C A:B:C
-0.06689 0.08850 > Im(y ~ (A + B + O)"2)
> Im(y ~ A/B/C) Call:
Im(formula =y ~ (A+ B+ C) ™ 2)
Call:
Im(formula = y ~ A/B/C) Coefficients:
(Intercept) A B C
Coefficients: 0.21990 -0.03953 0.02210 -0.05622
(Intercept) A A:B A:B A:C B:C
0.21586 -0.06219 0.12840 0.15181 -0.05379 -0.03787
A:B:C
0.07229
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Table 9.3. Examples of R model formulae. In a model formula, the function | case i) stands
for ‘as is” and is used for generating sequences I(1:10) or calculating quadratic terms 1(x*2).

Model Model formula Comments

Null y~1 | is the intercept in regression
models, but here it is the
overall mean y

Regression y~X X 1s a continuous explanatory

variable
: : : y ~0+X

Regression through y~x-1 Do not fit an intercept

origin

One-way ANOVA y ~sex sex is a two-level categorical
variable

One-way ANOVA y ~sex-1 as above, but do not fit an

intercept (gives two means
rather than a mean and a

difference)
Two-way ANOVA y ~sex + genotype genotype is a four-level
categorical variable
Factorial ANOVA y~N*P*K N, P and K are two-level

factors to be fitted along with
all their interactions

Source: Crawley, M. J., 2007, The R Book, Wiley.
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Table 9.3. (Continued)

Model

Model formula

Comments

Three-way ANOVA

Analysis of covariance

Analysis of covariance

Nested ANOVA

Split-plot ANOVA

Multiple regression

Multiple regression

http://www.hmwu. 1dv.tw

y~N*P*K — N:P:K
y~X + sex

y~X " sex

y ~a/b/c

y ~a*b*c+Error(a/b/c)

y~X+2z

Source: Crawley, M. J., 2007, The R Book, Wiley.

As above, but don’t fit the
three-way interaction

A common slope for y against
x but with two intercepts, one
for each sex

Two slopes and two intercepts

Factor ¢ nested within factor b
within factor a

A factorial experiment but with
three plot sizes and three
different error variances, one
for each plot size

Two continuous explanatory
variables, flat surface fit

Fit an interaction term as well
(X +z+X:Z)




Table 9.3. (Continued)

Model Model formula Comments

Multiple regression y~X+ I(x"2) + z + 1(z"2) Fit a quadratic term for both x
and z

Multiple regression y <- poly(x,2) + Fit a quadratic polynomial for x
and linear

Multiple regression y~(x+z+ w2 Fit three variables plus all their
interactions up to two-way

Non-parametric model y ~s(x) +s(z) y is a function of smoothed x
and z in a generalized additive
model

Transformed response log(y) ~1(1/x) + sqrt(z) All three variables are

and explanatory variables

transformed in the model

the function | case i) stands

or calculating quadratic terms [(x"2).

for “as is” and is used for generating sequences 1(1:10)

Source: Crawley, M. J., 2007, The R Book, Wiley.

Yi:

The second order regression model.

5 . 21D 5
Bo + Brxin + Boxio + L1171 + Paaxio + Brazinxio + €5

Im(Y ~ X1 * X2 + I(X172) + 1(X2"2))
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aov

glm

gam
Ime
nls
nime

loess

tree

fits a linear model with normal errors and constant variance; generally this is used
for regression analysis using continuous explanatory variables.

fits analysis of variance with normal errors, constant variance and the identity link:
generally used for categorical explanatory variables or ANCOVA with a mix of
categorical and continuous explanatory variables.

fits generalized linear models to data using categorical or continuous explanatory
variables, by specifying one of a family of error structures (e.g. Poisson for count
data or binomial for proportion data) and a particular link function.

fits generalized additive models

and Imer fit linear mixed-effects models

fits a non-linear regression model via least squares

fits a specified non-linear function in a mixed-effects model
fits a local regression model

fits a regression tree model using binary recursive partitioning

Source: Crawley, M. J., 2007, The R Book, Wiley.
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> dim(airquality) Do A= O EE S RecuioDtt —
[1] 153 6 T 3K IIIIIIE,EJH

scatterplot of wind vs temp

> headi{airgquality)
Ozone Sclar.R Wind Temp Month Day

1 41 130 7.4 67 3 1
2 36 118 8.0 72 3 2
3 12 145 12.¢6 74 3 3
4 15 313 11.5 62 3 4
5 NA NA 14.3 56 5 5
6 25 NA 14.9 66 3 6

FEER y= 0+ [z
(yla xl)a Tty (yn:xn)

S8 ME =N FERZE

S(Bo, 1) = Zﬂ:(% — o — 51%‘)2

1

b
o

20

LRI D s U I P ot Py
HRE, BB

=lalx|

R Graphics: Devica 2

(ACTIVE)

subset of wind vs temp

14

o E R TETR

12

1

wind.subset
10
|
i )
)
/
ll|'
G—!‘
ll|'
I
ot
I
I
ll|'
I
s
)

@‘ZBU-FBW

temp.subset
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(yla xl)a Ty (ynaxn)

n

S(Bo, Br) = Z(% — Bo — 51931')2

i=1
G- Shalm = D) D
i1z — )7
Bo=17— Pz
=B+ P
e = 3= 3
s Su= Y

Ty

N

e S:By — Z y@(xz - E')
=1

http://www.hmwu. 1dv.tw

>y <- airquality$Wind

> X <- airquality$Temp

> xXbar <- mean(x) ; Xxbar
[1] 77.88235

> ybar <- mean(y) ; ybar
[1] 9.957516

> betal.num <- sum((x - xbar) * (y - ybar))
> betal.den <- sum((x - xbar) ™ 2)
> (betal.hat <- betal.num/betal.den)

[1] -0.1704644

> (betaO.hat <- ybar - betal.hat * xbar)

[1] 23.23369

> yhat <- betaO.hat + betal.hat * X

> Sxy <- sum(y*(x-xbar))
[1] -2321.365

> Sxx <- sum((x-xbar)”2)
[1] 13617.88

> Syy <- sum((y-ybar)”2)
[1] 1886.554

[1] -0.1704644

Sxy

SXX

Syy

> betal.hat2 <- Sxy/Sxx ; betal.hat2




T

f S
Isfit

> model_fit <- Isfit(temp, wind)
> Is.print(model_fit)

Residual Standard Error=3.1422
R-Square=0.2098

F-statistic (df=1, 151)=40.0795
p-value=0

N/
b
b

'

Estimate Std.Err t-value Pr(c|t])

|2 R Graphics: Device 2 (ACTIVE) _ O] x|

Intercept 23.2337 2.1124 10.9987 0
X -0.1705 0.0269 -6.3308 0 ¢ .
emp vs wind
> plot(temp, wind, main = "temp vs wind", pch = 20) & 7 ) Rearession line:
> abline(model fit, col = "red") ) y =23.2337 - 0.1705 x
> text(80, 19, "Regression line:')
> text(80, 18, "y = 23.2337 - 0.1705 x')

wind

60 70 80 Q0
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#tat 1= E

1=1

atiEim: FSHEER - RERE\E

Testing just one predictor H) : Bx =0.

y = Bo+ Pz 4

y:XB_I'ga

*%ﬂﬁﬂf E‘K’fﬂﬂl«l/f
HP (Yilzi; Bo, b1, 0?) =

L(6o.61.0%) = log| | p(yilai; bo. r.0*)

E(e) =0 Var(e) = o

e~N(0,6’I) y~ N(XB,cI)

Bl _ Z 1£$3_$)( Yi — )

< IR Em
Test of all predictors Hj : B
#at B4Rl (Model Checking): 322 53 #fr(Residual Analysis)

http://www.hmwu. 1dv.tw

i=1 _ g
n Z 1(5,;%_1:)2
= ) logp(yilas; Bo. Bi.0?) PR i
i=1 )
1 )
1 & 2 _ 1 BT
= —Flog2m —nlogo— 5> (yi — (B + Aiz:)’ 6 n;(y (Bo + Brz:)
i=1

= ..Bp1=0




If we want to make any confidence intervals or perform any hypothesis tests (statistical
inference), we need to assume a normal error term.

Distribution of
Distribution of yatx =30

y:XB_l_g, yatx=20

Distribution of
yatx=10

~ N(0,6%1)

y N(Xﬁﬁ 021) E(y) when

E(y) when E(y)=By+ Bx

EG)when, 0

x=720

Note: The y distributions have the
same shape at each x value.

Source: Anderson et al., 2019, Statistics for Business & Economics (14th Edition), Cengage Learning Ltd. (ISBN: 0357114485).
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6= (XTX)"'XTy~ N(B, (XTX)" 5>
B= (XTX) !XTy~ N(B.(XTX) )

M ¢ Test for Significance in Simple Linear Regression unknown

(a) Hypothesis:
H(} . ;61 = 0, Ha . .,/31 7& 0

(b) Test Statistic: ¢ = b S

Sby

A N2
(¢) Rejection Rule: \/Z(Iz 1)

i. p-value approach: Reject Hy if p-value < a
ii. Critical value approach: Reject Ho it ¢t < —t,, orit t>1¢,,

where /o is based on a t distribution with n—2 degrees of freedom.

B Confidence Interval for 3 == ta/gjn_gsbl

Testing just one predictor [ : I?),- = 0. I = Bi/Se(Bi)
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F‘{@

QO n
S o
S ;:

&
-

e = Yi — Ui
F' Test for Significance in Simple Linear Regressic n gg
_ 2 _ E
(a) Hypothesis: Hg : 31 =0, H,:B#0 S5k = Zl ¢ MSp= n— 92
1=
(b) Test Statistic: F' = M3k 5
= SSr = 1Sz MSk = SSg/1
(¢c) Rejection Rule:
i. p-value approach: Reject Hy if p-value < a Fy = MSR/MSE

ii. Critical value approach: Reject Ho it F > F, 1, o

where F, is based on an F' distribution with 1 degree of freedom in the nu-

merator and n—2 degrees of freedom in the denominator.

F Test for Significance in MLR
Test of all predictors

Hy:B1=...0,-1=0 F:(SYY—RSS)/(p_l)

RSS/(n—p)
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-0
x

N z

> my_model <- Im(wind ~ temp) |

> my_model > plot(wind ~ temp, main = "airquality’)
> abline(my_model, col = "red")
fa[F = i > text(80, 19, "Regression line:')
m(formula = wind ~ temp) > text(80, 18, "y = 23.2337 - 0.1705 x")
Coefficients: _ I
( Interc ept) temp - R Graphics: Device 2 (ACTIVE) o] x|
23.2337 -0.1705

airquality

> summary(my_model)

¢]

Regression line:
Call: © y = 23.2337 - 0.1705 x

Im(formula = wind ~ temp)

Residuals:
Min 10 Median 3Q Max
-8.5784 -2.4489 -0.2261 1.9853 9.7398

wind

Coefficients:

Estimate Std. Error t value Pr(c|t])
(Intercept) 23.23369 2.11239 10.999 < 2e-16 ***
temp -0.17046 0.02693 -6.331 2.64e-09 *** \ | | |
-—- 60 70 80 g0
Signif. codes: 0 “***” 0.001 “**” 0.01 “*” 0.05 “.” 0.1 “ ~ 1

temp

Residual standard error: 3.142 on 151 degrees of freedom
Multiple R-squared: 0.2098, Adjusted R-squared: 0.2045
F-statistic: 40.08 on 1 and 151 DF, p-value: 2.642e-09

http://www.hmwu. 1dv.tw




)
F‘h@
N /'%, o
N z

The ANOVA Table for Regression
Source SS  (Sum of Squares, DF MS (Mean Square, v
the numerator of the variance) | (the denominator) | the variance)
- no o~ s
iﬁzz};ﬂl SSR= 3 ((By+Ayxy) -7)? 21=1 MSR = g _ MSR
- . ~ MSE
i 5 5 SSE
Error SSE = _El(,'r’.,_- —(By+ By, ))2 n-2 MSE = —
i= -
L 12
Total 185 =2 (=) n-1 > n <- length(wind)
1=
> e <- y - yhat
- . > SSE <- sum(e”2) ; SSE
SST = (yi —y)* [1] 1490.844
N > MSE <- SSE/(n-2) ; MSE
SSE =Y (y; — 1;)? [1] 9.873137
o > SSR <- betal.hat*Sxy ; SSR
SSR=">3"(4: — 1) [1] 395.7101
> MSR <- SSR/1 ; MSR
> my_aov <- aov(my_model) [1] 395.7101
S Summary(my_aOV) > SST <- SSR + SSE ; SST
Df Sum Sgq Mean Sq F value Pr(>F) [1] 1886.554
temp 1 395.71 395.71 40.080 2.642e-09 *** > Syy
Residuals 151 1490.84 9.87 [1] 1886.554
== > FO <- MSR/MSE; FO
Signif. codes: 0 “***” 0.001 “**” 0.01 “*” 0.05 “.” O. [1] 40.07947
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Source of

Variation

Regression

Frror

Tofai

H|E 22 Coefficient of Determination R? =

Bi=Py=r=PByq =0

not all 8. (k=1.---,

p — 1) equal zero

AR
(1

 SSR=b'X'Y — (;) Y’

 SSE=Y'Y-bXY

_SSTO.:Y’Y.-—-( )_Y’JY _

n

The test statistic: F™* =

TR e e

| _ ' SSR
1 g e I
.p. MSR s
o i 53
n—-p

n—1

MSR
MSE

The decision rule to control the Tvpe | error at a:

If F* > F_gp—1.n—p). reject Hy.

http://www.hmwu. 1dv.tw

SSR SSE

SST SST




100(1 — )% confident interval on the intercept .

E(Bﬂ) — JBCI 86 160 \/MSE 1/n+ 372/8:1::5)
Bo — ta/z,n—lSe(Bﬂ) < Bo < Bo+ ta/z,n—lSe(Bﬂ)
100(1 — )% confident interval on the slope f;.

E(Bl) — ABI SE JBI \/MSE/S:B:B
By — ta/‘?,n—lse(Bl) < B < B+ ta/z,n—lSe(ﬁl)

> alpha <- 0.05
> se.beta0 <- sqrt(MSE*(1/n+xbar”2/Sxx)) ; se.beta0
[1] 2.112395

> tstar <- qt(alpha/2, n-1)* se.betal > confint(my_model)

> Cl.beta0 <- betaO.hat + c(tstar, - tstar) ; Cl.betaO 2.5 % 97.5 %

[1] 19.0600210 27.407355 (Intercept) 19.0600210 27.407355
Temp -0.2236649 -0.117264

> se.betal <- sqrt(MSE/Sxx) ; se.betal

[1] 0.02692606

> tstar <- qt(alpha/2, n-1)* se.betal

> Cl.betal <- betal.hat + c(tstar, - tstar); Cl.betal
[1] -0.2236649 -0.117264
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Yy = ,.30 =+ ,314131 + ,,5’2;1:2 -+ .- -ﬁp;z:p + €
Yé — *7}0 + .51){1'1 -+ Iﬁg)ﬁ'g e ﬁJ} _1){1'?1)_1 — £

¢; are independent (0,07

Y=XB8+¢

Y1 I X X oo Xipa
Y5 1 X9y Xoo o0 Xy, _

v — .2 CX= | '21 22 2,p—1 P
};L 1 an XnQ e )(n,p—l

b (X'X)"IX'Y

SSE/(n—p) | (n, —1

=1,
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> my _model <- Im(wind ~ temp)
> summary(my_model)

m summary: produces parameter estimates and standard errors from Im, and
ANOVA tables from aov.

m plot: produces diagnostic plots for model checking, including residuals
against fitted values, influence tests, etc.

m update: is used to modify the last model fit; it saves both typing effort and
computing time.

m predict: usesinformation from the fitted model to produce smooth
functions for plotting a line through the scatterplot of your data.

m Titted: givesthe fitted values, predicted by the model for the values of the
explanatory variables included.

m resid: givesthe residuals.
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O
Fﬁ
, 5
S ;

7’53%—: by functions | amercarn - tom

23.2336881 -0.1704644

temp

-8.5784 -2.4489 -0.2261 1.9853 9.7398

Coefficients:

Estimate Std. Error t value Pr(c|t])
(Intercept) 23.23369 2.11239 10.999 < 2e-16 ***
temp -0.17046 0.02693 -6.331 2.64e-09 ***

Signif. codes: O “**** 0.001 “*** 0.01 “** 0.05 “.” 0.1 “ 1

Residual standard error: 3.142 on 151 degrees of freedom
Multiple R-squared: 0.2098, Adjusted R-squared: 0.2045
F-statistic: 40.08 on 1 and 151 DF, p-value: 2.642e-09

http://www.hmwu. 1dv.tw

> my _model <- Im(wind ~ temp) > vcov(my_model)
> summary(my_model) (Intercept)
(Intercept) 4.46221130 -0.0564656925
Call: temp -0.05646569 0.0007250127
Im(formula = wind ~ temp)
Residuals:
Min 10 Median 30 Max




7 °
g_".

wind ~ temp
attr(,"variables™)
list(wind, temp)
attr(,"factors™™)

temp
wind 0
temp 1

attr(,""term.labels™)
[1] "temp™
attr(,"order')

[1] 1
attr(,"intercept")
[1] 1
attr(,"'response')

[1] 1

attr(," .Environment')

<environment: R_GlobalEnv>
attr(,"predvars')
list(wind, temp)
attr(,"dataClasses™)

wind temp
"numeric' "numeric"

> summary(my_model)[[1]] # my.model formula
Im(formula = wind ~ temp)
> summary(my_model)[[2]] # attributes of the objects

7335 with list subscripts

> length(summary(my_model))

[1] 11

> names(summary(my_model))
[1] "call™ ™terms" ‘'residuals'™ 'coefficients”
[5] "aliased™ ‘''sigma"™ "df"" "'r.squared"
[9] "adj.r.squared" "fstatistic" ""cov.unscaled"

> summary(my_model)$sigma

[1] 3-142155

> summary(my_model)[[6]1]

[1] 3.142155

> length(summary(my_modeD)[[1]1)
[1] 2

> length(summary(my_modebD)[[2]1)
[1] 3

> length(summary(my_modeD)[[3]11)
[1] 153
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/i_. with list subscripts

> summary(my_model)[[3]] # residuals for data points
1 2 3 4 5 6
-4.41257055 -2.96024835 1.98068054 -1.16489276 0.61232059 2.91696501

145 146 147 148 149 150

-1.93071279 0.87393162 -1.17164167 4.10557168 -4.40117723 3.09207386
151 152 153

3.85114498 -2.27839058 -0.14210611

> summary(my_model)[[4]] # parameters table

Estimate Std. Error t value Pr(c|lt])
(Intercept) 23.2336881 2.11239468 10.998744 4.901351e-21
temp -0.1704644 0.02692606 -6.330835 2.641597e-09

> summary(my_model)[[411L[1]1]1 # intercept
[1] 23.23369

> summary(my_modeD)[[4]111[2]]1 # slope,.... summary(my.model)[[4]111[28]1]
[1] -0.1704644

> str(summary(my_modeD)[[4]1]D)
num [1:2, 1:4] 23.2337 -0.1705 2.1124 0.0269 10.9987 ...
- attr(*, "dimnames')=List of 2
..$ - chr [1:2] "(Intercept)" "temp"
..$ - chr [1:4] "Estimate"™ "Std. Error"™ "t value"™ "Pr(G|t])"
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7’55%:: with list subscripts

> summary(my_model)[[5]] # whether the fit should be returned.
(Intercept) temp

FALSE FALSE
> summary(my_model)[[6]] # residual standard error
[1] 3.142155
> summary(my_model)[[7]1] # the number of rows in the summary.lIm table.
[1] 2 151 2

> summary(my_model)[[8]] # r square, the fraction of the total variation
In the response variable that 1is explalned by the my.model.

[1] 0.2097529

> summary(my_model)[[9]] # adjusted r square

[1] 0.2045195

> summary(my_model)[[10]] # F ratio information
value numdf dendf

40.07947 1.00000 151.00000

> summary(my_model)[[11]] # correlation matrix of the parameter estimates.

(Intercept) temp
(Intercept) 0.451954754 -5.719124e-03
temp -0.005719124 7.343286e-05
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/i_. using $

> my _model <- Im(wind ~ temp)

> names(my_model)
[1] "coefficients” 'residuals” "effects” "rank
[5] "fitted.values™ "assign" gr" "df.residual”
[9] "xlevels™ call” "terms" "model™

> my_model$coefficients
> my_model$fitted.values
> my_model$residuals

X LD AR HE ..

> summary.aov(my_model)
> summary.aov(my_modeD)[[1111[11]
> summary.aov(my_modeD)[[1]111[51]

http://www.hmwu. 1dv.tw




F_c{c %
.{‘\‘*‘

|
N /% o
b5 [

> (iris_aov <- aov(iris[,1] ~ iris[,5]))
Call:

aov(formula = iris[, 1] ~ iris[, 5]) Hii )L: using [Ilnamesll]

Terms:

iris[, 5] Residuals
Sum of Squares 63.21213 38.95620
Deg. of Freedom 2 147

Residual standard error: 0.5147894
Estimated effects may be unbalanced
> (Iris_sum_aov <- summary(iris_aov))

DFf Sum Sq Mean Sq F value Pr(>F)
iris[, 5] 2 63.21 31.606 119.3 <2e-16 ***
Residuals 147 38.96 0.265

Signif. codes: 0 “** (0.001 “** 0.01 “*~ 0.05 “.° 0.1 °“’ 1
> (iris_sum_aov2 <- unlist(iris_sum_aov))
Df1 Df2 Sum Sql Sum Sqg2 Mean Sql Mean Sq2 F valuel
2.000000e+00 1.470000e+02 6.321213e+01 3.895620e+01 3.160607e+01 2.650082e-01 1.192645e+02
F value2 Pr(>F)1 Pr(>F)2
NA 1.669669e-31 NA
> names(iris_sum_aov2)
[1] "Df1™ "Df2" "Sum Sg1'™ 'Sum Sg2'" '"Mean Sgl1" "'Mean Sqg2' "'F valuel"

[8] "F value2™ "Pr(GF)1" "Pr(GF)2"
> 1ris_sum_aov2["Pr(>F)1"]
Pr(cF)1
1.669669e-31
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0 Investigate how much a influence point affected the parameter estimates and their
standard error.

m Repeat the statistical modeling but leave out the point in question, using subset.

> new_model <- update(mny _model, subset =

> summary(new_model)

Call:
Im(formula = wind ~ temp, subset = (temp !'= max(temp)))
Residuals:

Min 1Q0 Median 30 Max

-8.5663 -2.3871 -0.2027 1.9662 9.7344

Coefficients:

Estimate Std. Error t value Pr(c|t])
(Intercept) 23.5529 2.1382 11.015 < 2e-16 ***
temp -0.1748 0.0273 -6.403 1.85e-09 ***

Signif. codes: O

L [ ] 5

0.001 0.01
Residual standard error: 3.143 on 150 degrees of freedom
Multiple R-squared: 0.2147, Adjusted R-squared: 0.2094
F-statistic: 41 on 1 and 150 DF, p-value: 1.847e-09

(temp

0.05 “.7 0.1 = ” 1

= max(temp)))

PR Graphics: Device 2 (ACTIVE)

i [=]k3

temp vs wind

Regression line;
y = 2372337 - 0.1705 x

H% in' _j_‘l :

w1 EHHJI‘%EI’J,.“H:'E_“&HWEIJ: TR -
= B4R E KRegression Fit

60 70 80 a0

temp
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> summary(wind)
Min. 1st Qu. Median Mean 3rd Qu.

> summary (temp)
Min. 1st Qu. Median Mean 3rd Qu.
56.00 72.00 79.00 77.88 85.00

1 2 3
11.983035 9.596533 6.187244

> predict(my_model, list(temp = 75))
[1] 10.44886 Z
> predict(my_model, list(temp = c(66, 80,100))) ~ 2

MaX -E-:' R Graphics: Device 2 (ACTIVE)

1.700 7.400 9.700 9.958 11.500 20.700

temp vs wind

=1o0lx]

Max . &
97.00

H%En‘ -]-J .

Regression line:
¥y =23.2337 - 01705 x

7541045 p 0" "

oooooo

.

60

i predlcttE.XE’MEE_,ﬁﬁWﬁlJ: ZHAK -

temp

new_data <- data.frame(X1 = 160, X2 = 2)

predict(mylm, newdata = new_data, interval = "prediction')
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After flttlng a model to data we need to investigate how well the
model describes the data to see if there are any systematic trends
in the goodness of fit.

m We hope that € ~N(0,02 ), but
m Errors may be heterogeneous (unequal variance).
m Errors may be correlated.

m Errors may not be normally distributed. (less serious, the Bhat's will tend to normality due to

the power of the central limit theorem. With larger datasets, normality of the data is not much of a
problem.

“Essentially, all models are wrong, but some are useful”
https://en.wikipedia.org/wiki/All_models_are_wrong

Box married Joan Fisher,
the second of R A. Fisher (1890-1962) five daughters.

George Box (1919-2013),
Professor Emeritus of Statistics,
University of Wisconsin-Madison

http://www.hmwu. 1dv.tw




)

F;@

Sz R

%) o

S :E
(W
-

> ’?plot-lm

default

This plot should be
with no pattern of any sort.

wind <- airquality$Wind

temp <- airquality$Temp
my_model <- Im(wind ~ temp)
plot(my_model, which = 1:6)
Waiting to confirm page change...

>
>
>
>

I Click or hit ENTER for next page

Residuals

10
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Residuals vs Fitted
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Fitted values
Im{wind ~ temp)

> plot(fitted(my_model), residuals(my _model), xlab = "Fitted values",
+ ylab = "Residuals'™)
> abline(h = 0, Ity = 2)

iR E: BResiduals KR +6MHIZH R (AR BALE) -
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https://www.r-bloggers.com/model-validation-interpreting-residual-plots/
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I Click or hit ENTER for next page - 0| x|

Normal Q-Q

Standardized residuals

053 )

Theoretical Quantiles
Im{wind ~ temp)

> qgnorm(residuals(my.model))
> qqline(residuals(my.model))
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m A scale-loaction plot of sgrt(abs(residuals)) against fitted values.

m This s like a positive-valued version of the first graph; it is good
for detecting non-constancy of variance (heteroscedasticity).
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influential.

Cook's distance

0.08
|

27

0.06
|

75

Cook's distance
0.02 0.04
I \

0.00
|

0 50 100

Obs. number
Im{wind ~ temp)

150
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Cook s distance measures the effect of deleting a given observation.

Cook's distance is a measure of the squared distance between the least
square estimate based on all n points B and the estimate obtained by
deleting the th points S

= Points with a Cook's distance of 1 or more are considered to be

2
n Fal
b, _ 2=105 — i)
;=
pMSE
AR AR
= SEHCook's Distance -

= =1 Cook's Distance vs. Row LabelsHIEX
HE -
» EHAEI=AKCook's DistanceBFfE I E °




Points that have small leverage “do not count”

Outllers in the response variable are called outliers.
Outliers with respect to the predictors are called leverage points.
For the regression, it is the points that have large leverage are important.

in the regression —we

could move them or remove them from the data and the regression line

does not change very much.
default

~ Click or hit ENTER for next page

Residuals vs Leverage

=lof x|

o3}

Standardized residuals

27°

[+]
Cook's distance

n%

[ I I I I
0.01 0.02 0.03 0.04

Leverage
Im{wind ~ temp)
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= |In the Cook's distance vs leverage/(1-leverage) plot,
contours of standardized residuals that are equal in
magnitude are lines through the origin.

IR R Graphics: Device 2 (ACTIVE) _ o] x|
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Swiss Fertility and Socioeconomic Indicators (1888) Data

> head(swiss)

Fertility Agriculture Examination Education Catholic Infant_Mortality
Courtelary 80.2 17.0 15 12 9.96 22.2
Delemont 83.1 45.1 6 9 84.84 22.2
Franches-Mnt 92.5 39.7 5 5 93.40 20.2
Moutier 85.8 36.5 12 7 33.77 20.3
Neuveville 76.9 43.5 17 15 5.16 20.6
Porrentruy 76.1 35.3 9 7 90.57 26.6

A data frame with 47 observations on 6 variables, each of which is in percent, i.e., in [0, 100].

[,1] Fertility lg, ‘common standardized fertility measure’

[,2] Agriculture % of males involved in agriculture as occupation

[,3] Examination % draftees receiving highest mark on army examination
[,4] Education % education beyond primary school for draftees.

[,5] Catholic % ‘catholic’ (as opposed to ‘protestant’ ).

[,6] Infant.Mortality live births who live less than 1 year.

All variables but  ‘Fertility’ give proportions of the population.
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pairs(swiss, panel

= panel _smooth, main

""swiss data', col

3 + (swiss$Catholic > 50))
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> summary(my_Im <- Im(Fertility ~ ., data = swiss))

Call:
Im(formula = Fertility ~ ., data = swiss)
Residuals:

MiIn 10Q Mediran 30 Max
-15.2743 -5.2617 0.5032 4.1198 15.3213
Coefficients:

Estimate Std. Error t value Pr(c|t])

(Intercept) 66.91518 10.70604 6.250 1.91e-07 ***
Agriculture -0.17211 0.07030 -2.448 0.01873 *
Examination -0.25801 0.25388 -1.016 0.31546
Education -0.87094 0.18303 -4.758 2.43e-05 ***
Catholic 0.10412 0.03526 2.953 0.00519 **

Infant_Mortality 1.07705 0.38172 2.822 0.00734 **

Signif. codes: O “***” 0.001 “*** 0.01 “*> 0.05 “.” 0.1 “ 1

Residual standard error: 7.165 on 41 degrees of freedom
Multiple R-squared: 0.7067, Adjusted R-squared: 0.671
F-statistic: 19.76 on 5 and 41 DF, p-value: 5.594e-10
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9l stepO

AIC (Akaike information criterion )& FR{E AR ERNAIZER] - E{E#
N RRBENEES DS (ANEEE/D - iR EF HME/N) -

AF > -
(s lm]

step(object, scope, scale = 0, direction = c("both™, "backward”, *"forward™),
trace = 1, keep = NULL, steps = 1000, k = 2, ...)

> smy Im <- step(my_Im)

Start: AIC=190.69

Fertility ~ Agriculture + Examination + Education + Catholic +
Infant_Mortality

Df Sum of Sq RSS AlC

- Examination 1 53.03 2158.1 189.86

<none> 2105.0 190.69 N

- Agriculture 1 307.72 2412.8 195.10 ESS 2p . 9
_ Infant.Mortality 1  408.75 2513.8 197.03 AIC =In (—n +— BESS = > (@i — i)
- Catholic 1 447.71 2552.8 197.75 i=1

- Education 1 1162.56 3267.6 209.36

Step: AIC=189.86
Fertility ~ Agriculture + Education + Catholic + Infant_.Mortality

Df Sum of Sq RSS AlC
<none> 2158.1 189.86
- Agriculture 1 264.18 2422.2 193.29
- Infant.Mortality 1 409.81 2567.9 196.03
- Catholic 1 956.57 3114.6 205.10
- Education 1 2249.97 4408.0 221.43
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> summary(smy_1Im)
Call:

Infant_Mortality, data = swiss)

Residuals:

Min 10 Median 30 Max
-14.6765 -6.0522 0.7514 3.1664 16.1422
Coefficients:

Estimate Std. Error t value Pr(c|t])

(Intercept) 62.10131 9.60489 6.466 8.49e-08 ***
Agriculture -0.15462 0.06819 -2.267 0.02857 *
Education -0.98026 0.14814 -6.617 5.14e-08 ***
Catholic 0.12467 0.02889 4.315 9.50e-05 ***

Infant_Mortality 1.07844 0.38187 2.824 0.00722 **

Signif. codes: O “***” 0.001 “**” 0.01 “*” 0.05 “.” 0.1 *

Residual standard error: 7.168 on 42 degrees of freedom
Multiple R-squared: 0.6993, Adjusted R-squared: 0.6707
F-statistic: 24.42 on 4 and 42 DF, p-value: 1.717e-10

Im(formula = Fertility ~ Agriculture + Education + Catholic +

> 1
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(Background) Johnson Filtration, Inc., provides maintenance service for water-

filtration systems throughout southern Florida. Customers contact Johnson

with requests for maintenance service on their water-filtration systems. To

estimate the service time and the service cost, Johnson' s managers want to

predict the repair time necessary for each maintenance request.

> library(readxl)
> Johnson <- read_excel (""'data/Chapl5/Johnson.xlIsx™)
> colnames(Johnson) <- c('MonthsSincelLastService'™, "RepairType™, "RepairTime'™)
> print(Johnson) Service Months Since ir Ti
- Repair Time
# A tibble: 10 x 3 Call Last Service  Type of Repair in Hours
MonthsSincelLastService RepairType RepairTime ! . T 5%
<dbl> <dbl> <dbl> 2 ] Mechanical 3:0
1 2 Electrical 2.9 3 8 Electrical 48
2 6 Mechanical 3 ! 3 Mechanical 1.8
5 2 Electrical 29
.- ) 6 7 Electrical 49
10 6 Electrical 4.5 7 9 NMahanicsl 42
> str(Johnson) 8 8 Mechanical 48
tibble [10 x 3] (S3: tbl_df/tbl/data.frame) 13 : 3“@“: 44
$ MonthsSincelLastService: num [1:10] 2 6 8 327 98 4 6 ectrica hi
$ RepairType : chr [1:10] "Electrical'™ "Mechanical'™ "Electrical™ "Mechanical™ ...
$ RepairTime > num [1:10] 2.9 3 4.8 1.8 2.9 4.9 4.2 4.8 4.4 4.5
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Y= Bo+ [frr1+ PBoxo + €

The multiple regression equation

E(y|mechanical)

|

if the type of repair is mechanical

0
1

if the type of repair is clectrical

E(y) = Bo + Brxy + Paxs

E(yl|electrical) =

_;’_'30 ~+ _51._111 . _x"j)g ( l)

(J)[] -+ dg) = _;31.}‘1

with Jo = 1.263. we learn that,
on average, electrical repairs require

1.263 hours longer

than mechanical repairs.
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Repair Time (hours)

1 M = mechanical repair
E = clectrical repair

3 4 5 6 7 8 9
Months Since Last Service




> Johnson$RepairType <- factor(Johnson$RepairType, levels = c("'Mechanical', "Electrical™))

> Johnson_Im <- Im(RepairTime ~ MonthsSincelLastService + RepairType, data = Johnson)

> summary(Johnson_1Im)

Call: { (0, mechanical
T9 —

Im(formula = RepairTime ~ MonthsSinceLastService + RepairType, 1 clectrical

data = Johnson)
> Johnson$RepairType

Residuals: [1] Electrical Mechanical Electrical Mechanical
Min 1Q  Median 30 Max | [5]1 Electrical Electrical Mechanical Mechanical

-0.49412 -0.24690 -0.06842 -0.00960 0.76858 | [9]1 Electrical Electrical
Levels: Mechanical Electrical

Coefficients:

Estimate Std. Error t value Pr(>|t])
(Intercept) 0.93050 0.46697 1.993 0.086558 .
MonthsSinceLastService 0.38762 0.06257 6.195 0.000447 **=*

RepairTypel 1.26269 0.31413 4.020 0.005062 **

Signif. codes: 0 “***” 0.001 “**” 0.01 “*” 0.05 “.” 0.1 “ ~ 1

Residual standard error: 0.459 on 7 degrees of freedom
Multiple R-squared: 0.8592, Adjusted R-squared: 0.819
F-statistic: 21.36 on 2 and 7 DF, p-value: 0.001048

> anova(Johnson_1Im)
Analysis of Variance Table
Response: RepairTime

DFf Sum Sq Mean Sq F value Pr(GF)
MonthsSincelLastService 1 5.5960 5.5960 26.556 0.001319 **
RepairType 1 3.4049 3.4049 16.158 0.005062 **
Residuals 7 1.4751 0.2107
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attach(Johnson)
plot(MonthsSincelLastService, RepairTime,

xlab = "Months Since Last Service",
ylab = "Repair Time (hours)",
main = "Scatter Diagram for the Johnson Filtration Repair Data™)
abline(a = Johnson.Im$coefficients[1l], b = Johnson.Im$coefficients[2], col =
Iwd = 2)

text(7, 3, "Repair Type = \n Mechanical", col

abline(a

col = "blue™,lwd = 2)
text(4, 4, "Repair Type = \n Exectrical", col

"darkgreen™,

"darkgreen™)
sum(Johnson. Im$coefficients[c(l, 3)]), b = Johnson.Im$coefficients[2],

"blue™)

Repair Time (hours)

Scatter Diagram for the Johnson Filtration Repair Data

1, Taipei
0, otherwise

1,Tokyo

X, = .
1 0, otherwise

25 30 35 40 45 50

20

> cities <- sample(c("'Taipei™, "Seoul', "Tokyo™),
+ 20, replace = T)
> factor(cities)

Repair Type = Levels: Seoul Taipei Tokyo

Mechanical

1,Tokyo 1, Seoul

X, = . Xy = .
1 0, otherwise ~2 0, otherwise

Months Since Last Service

> factor(cities, levels c("'Taipei™, "Tokyo"™, "Seoul™))

Levels: Taipei Tokyo Seoul

http://www.hmwu. 1dv.tw



Regression Model Y, = F{Y,} + ¢, Y; = (1); E;Ji:?nt |
,0therwise

Simple Logistic Regression Equation
exp(fo + F1X)

FE{Y;} =m =
1 1
1+ exp(fo + 51X;)
A formal statement of the  simple logistic regression model — : recall that when
the response variable is  binary  , taking on the values 1 and 0 with proba-
bilities 7 and 1 —7 . respectively, Y is a Bernoulli random variable with

parameter E{Y}=nx

The fitted logistic response function

- exp(bo+b1X)) » ln( Wﬁ>=bo+b1X

1+ exp(bo -+ le

http://www.hmwu. 1dv.tw




Multiple Logistic Regression Equation

E(y) = Py = 1]z, 29, )

660+B1$1+52:1?2+'“+3p11’?p

1 4+ 6504—31&’31 +B2x2+-+BpTp

Ho: ;=0  Hy: B #0 Y? test

}Jb . ﬁ?l = ﬁgg — (J

H, : One or both of the parameters is not equal to zero

Y? test

http://www.hmwu. 1dv.tw



= The odds (B &) in favor of an event occurring is defined as the probability
the event will occur divided by the probability the event will not occur . In
logistic regression the event of interest is always y = 1.

e Pw=1lrim ) Ply=1rym o r)
Py = O[zy, w3, - -+, 1) 1 — Py =1|xy, 29, -+, 1)

The odds ratio is the odds that y = 1 given that one of the independent variables

has been increased by  one unit (odd,;)  divided by the odds that y = 1 given
no change  in the values for the independent variables  (odd,)
. Oddsl
Odds Ratio = o Odds ratio = e
S

= The odds ratio measures the impact on the odds of a one-unit increase
in only one of the independent variables.

http://www.hmwu. 1dv.tw



allil;

m A researcheris interested in how variables, such as GRE (Graduate Record Exam
scores), GPA (grade point average) and prestige of the undergraduate
institution (rank=1,2,3,4, 1 =highest prestige, 4 = the lowest), effect admission
into graduate school.

= The response variable, admit/don't admit, is a binary variable.

[1] 400

admit

RPORRRO

1
2
3
4
5
6
>

Min.

Median
Mean

Max .

1st Qu.:

3rd Qu.:

4

gre
380
660
800
640
520
760

:0.

> dim(mnydata)

> head(mydata)

gpa rank

3.61
3.67
4.00
3.19
2.93
3.00

summary(mydata)
admit

0000

-.0000

0000

:0.3175

0
:0.

0

1

1.

-.0000

0000

> sapply(mydata,
admit
0.4660867 115.5165364

http://www.hmwu. idv.tw
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gre
Min.
1st Qu.
Median
Mean
3rd Qu.
Max .
sd)
gre

> # mydata <- read.csv('http://www.ats.ucla.edu/stat/data/binary.csv')
> mydata <- read.csv(“binary.csv')

> xtabs(~ admit + rank, data = mydata)

rank

admit 1 2 3 4
0 28 97 93 55
1 33 54 28 12

> mydata$rank <- factor(mydata$rank)
[1] 33144212324112134321

[385] 21 22222232323223

Levels: 1 2 3 4

gpa rank
:220.0 Min. :2.260 Min. i |
:520.0 1st Qu.:3.130 1st Qu.:2
:580.0 Median :3.395 Median :2
:587.7 Mean :3.390 Mean i2
1660.0 3rd Qu.:3.670 3rd Qu.:3
:800.0 Max . :4.000 Max . 4
gpa rank
0.3805668 0. 9444602

A Statistical Consulting Group. http://www.a

.000
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> mylogit <- gIm(admit ~ gre + gpa + rank, data = mydata, family = "binomial™) ‘

> summary(mylogit)

Call:

gIlm(formula = admit ~ gre + gpa + rank, family = "binomial™

data = mydata)

Deviance Residuals:
Min 10 Median 30 Max
-1.6268 -0.8662 -0.6388 1.1490 2.0790

Coefficients:
Estimate Std. Error z value Pr(>|z])
(Intercept) -3.989979 -139951 -3.500 0.000465 ***

1
gre 0.002264 0.001094 2.070 0.038465 *
gpa 0.804038 0.331819 2.423 0.015388 *
rank2 -0.675443 0.316490 -2.134 0.032829 *
rank3 -1.340204 0.345306 -3.881 0.000104 ***
rank4 -1.551464 0.417832 -3.713 0.000205 ***

Signif. codes: 0 “*** (0.001 “** 0.01 “* 0.05

(Dispersion parameter for binomial family taken to be
Null deviance: 499.98 on 399 degrees of freedom

Residual deviance: 458.52 on 394 degrees of freedom

AIC: 470.52

Number of Fisher Scoring iterations: 4

family = binomial(link = "logit')

m Forevery one unit
change in gre, the log
odds of admission
(versus non-admission)
increases by 0.002.

m Foraoneunitincrease in
gpa, the log odds of
being admitted to
graduate school
increases by 0.804.

Having attended an undergraduate
institution with rank of 2, versus an
institution with a rank of 1, changes
the log odds of admission by -
0.675.

UCLA Statistical Consulting Group. http://www.ats.ucla.edu/stat/r/dae/logit.htm

http://www.hmwu. 1dv.tw




wald.test(Sigma, b, Terms = NULL, L = NULL, HO = NULL, df = NULL, verbose = FALSE)

Sigma: the variance covariance matrix of the error terms, b: the coefficients, Terms: terms in the
model are to be tested, in this case, terms 4, 5, and 6, are the three terms for the levels of rank.

> library(aod) #aod: Analysis of Overdispersed Data
> wald.test(b = coef(mylogit), Sigma = vcov(mylogit), Terms = 4:6)
Wald test:

Chi-squared test:
X2 = 20.9, df = 3, P(> X2) = 0.00011

To contrast two terms, we multiply one of them by 1, and the other by -1. The other terms in the model
are not involved in the test, so they are multiplied by 0.

Test the difference (subtraction) of the terms for rank = 2 and rank = 3 (i.e., the 4th and 5th terms
in the model). L = I: base the test on the vector I (rather than using the Terms option).

> | <- cbind(0,0,0,1,-1,0)

> wald.test(b = coef(mylogit), Sigma = vcov(mylogit), L = 1)
Wald test:

Chi-squared test:
X2 = 5.5, df = 1, P(> X2) = 0.019

The difference between the coefficient for rank = 2 and the coefficient for rank = 3 is statistically significant.
UCLA Statistical Consulting Group. http://www.ats.ucla.edu/stat/r/dae/logit.htm
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> exp(cbind(OR = coef(mylogit), confint(mylogit)))
Waiting for profiling to be done...
OR 2.5%  97.5 %
(Intercept) 0.0185001 0.001889165 0.1665354
gre 1.0022670 1.000137602 1.0044457
gpa 2.2345448 1.173858216 4.3238349
rank2 0.5089310 0.272289674 0.9448343
rank3 0.2617923 0.131641717 0.5115181
rank4 0.2119375 0.090715546 0.4706961
m For aoneunitincrease in gpa, the odds of being admitted to graduate

school (versus not being admitted) increase by a factor of 2.23.

For more information on interpreting odds ratios see our FAQ page
How do | interpret odds ratios in logistic regression?
http://www.ats.ucla.edu/stat/mult pkg/fag/general/odds ratio.htm

Note that while R produces it, the odds ratio for the intercept is not
generally interpreted.

http://www.ats.ucla.edu/stat/r/dae/logit.htm
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allil:

Predicted probabilities can be computed for both categorical and
continuous predictor variables.

Want to calculate the predicted probability of admission at each value of
rank, holding gre and gpa at their means.

\Y

V VAWDNER

P WOWONBE

newdatal <- with(mydata, data.frame(gre = mean(gre), gpa = mean(gpa), rank = factor(l1:4)))
newdatal
gre gpa rank

587.7 3.3899 1
587.7 3.3899 2
587.7 3.3899 3
587.7 3.3899 4
newdatal$rankP <- predict(mylogit, newdata = newdatal, type = "response')
newdatal
gre gpa rank rankP type = "link"
587.7 3.3899 1 0.5166016
587.7 3.3899 2 0.3522846
587.7 3.3899 3 0.2186120
587.7 3.3899 4 0.1846684

The predicted probability of being accepted into a graduate program is 0.52
for students from the highest prestige undergraduate institutions (rank =
1), and 0.18 for students from the lowest ranked institutions (rank = 4),
holding gre and gpa at their means.

http://www.ats.ucla.edu/stat/r/dae/logit.htm
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= 100), 4),

Create 100 values of gre between 200 and 800, at
each value of rank (i.e., 1, 2, 3, and 4) and plot.

> newdata2 <- with(mydata,
+ data.frame(gre = rep(seq(from = 200, to = 800, length.out
+ gpa = mean(gpa), rank = factor(rep(l:4, each = 100))))
> dim(newdata?2)
[1] 400
> head(newdata2)

gre gpa rank
1 200.0000 3.3899 1
2 206.0606 3.3899 1
3 212.1212 3.3899 1
4 218.1818 3.3899 1
5 224.2424 3.3899 1
6 230.3030 3.3899 1
>
> newdata3 <- cbind(newdata2, predict(mylogit, newdata =
> newdata3 <- within(newdata3, {
+ PredictedProb <- plogis(fit)
+ LL <- plogis(fit - (1.96 * se.fit))
+ UL <- plogis(fit + (1.96 * se.fit))
+ 1)
> head(newdata3l)

gre gpa rank fit se.fit residual.scale
1 200.0000 3.3899 1 -0.8114870 0.5147714 10
2 206.0606 3.3899 1 -0.7977632 0.5090986 10
3 212.1212 3.3899 1 -0.7840394 0.5034491 10
4 218.1818 3.3899 1 -0.7703156 0.4978239 10
5 224.2424 3.3899 1 -0.7565919 0.4922237 10
6 230.3030 3.3899 1 -0.7428681 0.4866494 10

UL

.5492064
.5498513
.5505074
.5511750
.5518545
.5525464

cNoNoNoNeoNe)

newdata2, type="link",

se=TRUE))

LL PredictedProb

.1393812
.1423880
.1454429
-1485460
-1516973
-1548966

cNeoNoNoNeoNe)

.3075737
.3105042
.3134499
.3164108
.3193867
.3223773

http://www.hmwu. 1dv.tw
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> library(ggplot2)

> ggplot(newdata3, aes(x = gre, y =
+ geom_ribbon(aes(ymin = LL, ymax
+

geom_line(aes(colour

PredictedProb)) +

rank), size=1)

uL, fill = rank), alpha = 0.2) +

Plot the predicted probabilities and
95% confidence intervals to
understand and/or present the model.

http://www.ats.ucla.edu/stat/r/dae/logit.htm

If

Error in _Call._graphics(C _palette2,

invalid graphics state
then use def.off()

http://www.hmwu. 1dv.tw
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> # the difference in deviance for the two models (i.e., the test statistic)
> with(mylogit, null.deviance - deviance)

[1] 41.45903

> with(mylogit, df.null - df.residual)

[1] 5

> #the p-value

> with(mylogit, pchisq(null._deviance - deviance, df.null - df.residual, lower_tail = FALSE))
[1] 7-578194e-08

> # the model®s log likelihood

> logLik(mylogit)

"log Lik." -229.2587 (df=6)

= One measure of model fit is the significance of the overall model:
whether the model with predictors fits significantly better than a model
with just an intercept (i.e., a null model).

m The test statistic is the difference between the residual deviance for the
model with predictors and the null model.

=  The chi-square of 41.46 with 5 degrees of freedom and an associated p-
value of less than 0.001 tells us that our model as a whole fits

significantly better than an empty model.
http://www.ats.ucla.edu/stat/r/dae/logit.htm
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> # Testing for Significance: individuals
> anova(mylogit, test = "Chisq')
Analysis of Deviance Table > library(car) # Companion to Applied Regression
> Anova(mylogit)

Model: binomial, link: logit
Response: admit
Terms added sequentially (first to last)

Df Deviance Resid. Df Resid. Dev Pr(>Chi) Use ahova function to give an analys,ls
NULL 399 499 98 of deviance table, or the dropl function
gre 1 13.9204 398 486.06 0.0001907 *** to try dropping each factor.
gpa 1 5.7122 397 480.34 0.0168478 *
rank 3 21.8265 394 458.52 7.088e-05 ***
Signif. codes: 0O “***~ (0.001 “** 0.01 *~ 0.05 ‘. 0.1 °“’° 1
> dropl(mylogit, test = "Chisq")
Single term deletions
Model :
admit ~ gre + gpa + rank

Df Deviance AlC LRT Pr(>Chi)

<none> 458.52 470.52
gre 1 462.88 472.88 4.3578 0.03684 *
gpa 1 464.53 474.53 6.0143 0.01419 *
rank 3 480.34 486.34 21.8265 7.088e-05 ***
Signif. codes: 0 “*** (0.001 “**~ 0.01 “*~ 0.05 ‘.7 0.1 °“° 1
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Empty cells or small cells: check the crosstab between categorical
predictors and the outcome variable. If a cell has very few cases (a small
cell), the model may become unstable or it might not run at all.

m Separation or quasi-separation (also called perfect prediction), a
condition in which the outcome does not vary at some levels of the
independent variables. See
http://www.ats.ucla.edu/stat/mult_pkg/fag/general/complete separation logit models.htm

= Sample size: Both logit and probit models require more cases than OLS
regression because they use maximum likelihood estimation techniques.

m  Pseudo-R-squared: none of psuedo-R-squared measures can be

interpreted exactly as R-squared in OLS regression is interpreted. See
http://www.ats.ucla.edu/stat/mult_pkag/fag/general/Psuedo RSquareds.htm

= Diagnostics: The diagnostics for logistic regression are different from

those for OLS regression. See Hosmer and Lemeshow (2000, Chapter 5).
http://www.ats.ucla.edu/stat/r/dae/logit.htm
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=  What is the multicollinearity (collinearity)

m itis a statistical phenomenon in which two or more predictor variables in a
multiple regression model are highly correlated.

m one predictor can be linearly predicted from the others with a non-trivial degree
of accuracy.
= How problematic is multicollinearity?
m  Moderate multicollinearity may not be problematic.

m Severe multicollinearity can increase the variance of the coefficient estimates and
make the estimates very sensitive to minor changes in the model:

the coefficient estimates are unstable (may be to switch signs) and difficult to interpret,
or

parameter estimates may include substantial amounts of uncertainty,
forward or backward selection of variables could produce inconsistent results,
variance partitioning analyses may be unable to identify unique sources of variation.

the precision of fitted values within the range of the observations on the predictor
variables is not eroded with the addition of correlated predictor variables into the
regression model.

m The centered and scaled variables reduce the correlations between the
first power and second power terms markedly.

http://www.hmwu. 1dv.tw




Xj=60+ﬁ1X1+ﬁ2X2+___+ﬁka+8_ VIF}F.:

1—R?

= A VIF for a single explanatory variable is obtained using the R-
squared value of the regression of that variable X;against all
other explanatory variables.

s A VIF measures how much the variance of the estimated

regression coefficients are inflated as compared to when the
predictor variables are not linearly related.

VIF Status of predictors
VIF =1 Not correlated
1T<VIF<5 Moderately correlated

VIF>5to 10 Highly correlated

http://www.hmwu. 1dv.tw




= R packages:
vit{faraway}, vit{HH}, vift{car}, VIF{fmsb}, vit{VIF}
s faraway: Functions and Datasets for Books by Julian Faraway
m HH: Statistical Analysis and Data Display: Heiberger and Holland
= car: Companion to Applied Regression
s Tfmsb: Functions for Medical Statistics Book with some Demographic Data
= VIF: A Fast Regression Algorithm For Large Data

> head(airquality)
Ozone Solar.R Wind Temp Month Day

1 41 190 7.4 67 5 1

2 36 118 8.0 72 5 2

3 12 149 12.6 74 5 3

4 18 313 11.5 62 5 4

5 NA NA 14.3 56 5 5

6 28 NA 14.9 66 5 6

>

> modelO <- Im(Ozone ~ Wind + Temp + Solar.R, data = airquality)
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> cor(airquality[,1:4], use = "pailrwise’)

Ozone Solar.R wind Temp
Ozone 1.0000000 0.34834169 -0.60154653 0.6983603
Solar.R 0.3483417 1.00000000 -0.05679167 0.2758403
Wind -0.6015465 -0.05679167 1.00000000 -0.4579879
Temp 0.6983603 0.27584027 -0.45798788 1.0000000
> pairs(airquality[,1:4])

0 50 150 250 60 70 80 90
- | | | | | | | | | L |
> library(car) T T le
> vif(modelO) Lt ©.0 | g
h Ozone ko 2
wind Temp Solar.R Co ik -
o a3 o8 B || Lo sk
1.329070 1.431367 1.095253 s Bl e e
i f’ooo(g . e e é’co oo@
B oor % Solar.R vty
2 ~ &l
g : o%ﬁ‘iooo & 0000 O&Z Eog%eoo
o ,3%0 AN §0<9 o
o © ]

% % wo o
P " o
Wind o B o0 | o
@ 3°0°oc38&§ o8
© Cafy e oo
o %@) e
° )
o
% o w ol
o
g ocgoo %o%‘?’e oQ)oocooo @
59, a0
53@0 o ® o %%080 %g &
o & X e ERAN] o 2
o e @ o B, L0 ogoo o @‘7@5
BBy GoBo Bt 2 0a8 | | o7 SRS gp
@ o8 ool &5 @ 0833 %9008 Temp
o | %5e w B 280 odigt e e
r\.—o%i o 8 cnoo o 2o
e o, G £ vy GaT
=] o B0 o ° Ch 8%0 v e
3 158 AP ° 2% Fo,
T T T T T T T T
0 50 100 150 5 10 15 20
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> summary(modelO)

Call:
Im(formula = Ozone ~ Wind + Temp + Solar.R, data =
Residuals:
MiIn 1Q Median 30 Max
-40.485 -14.219 -3.551 10.097 95.619

Coefficients:
Estimate Std. Error t value Pr(c|t])

(Intercept) -64.34208 23.05472 -2.791 0.00623 **
wind -3.33359 0.65441 -5.094 1.52e-06 ***
Temp 1.65209 0.25353 6.516 2.42e-09 ***
Solar.R 0.05982 0.02319 2.580 0.01124 =*
Signif. codes: 0 ™** (0.001 “** 0.01 “* 0.05 ‘.7 0.1 °’' 1
Residual standard error: 21.18 on 107 degrees of freedom
(42 observations deleted due to missingness)
Multiple R-squared: 0.6059, Adjusted R-squared: 0.5948

F-statistic: 54.83 on 3 and 107 DF, p-value: < 2.2e-16

airquality)

library(fmsb)

V VVVVYV

VIF(modelO)
[1] 2.537392
> sapply(list(modell,

modell <- Im(Wind ~ Temp + Solar.R, data
model2 <- Im(Temp ~ Wind + Solar.R, data
model3 <- Im(Solar.R ~ Wind + Temp, data
# checking multicolinearity for independent variables.

model2, model3), VIF)
[1] 1.267492 1.367450 1.089300

airquality)
airquality)
airquality)
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