ﬁ\ Sk J'c-‘:'ﬂ:,l

o 0\0
&

\55,:3

Ay

@@

2% i
IV BUEARE #

http://www.hmwu. 1dv.tw




éé%ﬂﬁ%"’ (parameter estimation)
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1. Suppose the sample are iid from a distribution with density function

f(X10) , where 6 is a parameter.

2. The likelihood function is the conditional probability of observing

the sample , given 6

L) = [ f(xi6) .

=1

(a) The parameter could be a vector of parameters, § = (01, - ,60p) .

(b) The likelihood function regards the data as a function of the
parameter 6

(c) The log likelihood function

1(0) = 10g(L(8)) = > 10g f(z:]6) .

=1
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1. The method of maximum likelihood was introduced by R.A. Fisher
(1890-1962, English statistician).

(a) By maximizing the likelihood function L(6) with respect to
0, we are looking for the most likely wvalue of 6 given the

sample data

(b) ©: parameter space of possible values of 6.

(c) If the max L(8) exists and it occurs at a unique point § € ©,
then 6 is called _maximum likelihood estimator of 4.

OL(O) o'L(6)
—T%T—n_o H 0 <0

ALHEA

1 BRI

2. B E—ERENEAR B
3. StEfEEt RO

4. LIz E R SRS B R
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R BE—E I - STMNPIERBRG RS > WS RERIHDET » 28
RAI—RBEHPER > RS2 BILEM o

Rt iE s 5 R > QAT 1 RAE 4 NP> Hih 3 REEHE - 26
RAPERRS po FARBE TN p BEAZD?

. . RF(63)BHBLEY
ke U 1 (%) (L ikelihood function) -

ER R { . DR MAEEL AL IE

0 (&H15E) K EHpEhE EEEH A IS
o i 2R R R K 2R
BRPANRES p mmpmenme p o
YRR 2 (1 - p) . ERWEAE - S

B D B FR ORY p, Blibp
o] DRI EH IR A E -

Allft 5 AP AT 43 B2 2 - G N L
. BILE

P(X = X) - P(X = Xp) - P(X = X3) - P(X = X,) - P(X = X5) ﬁé‘?"?ﬁ;’ﬁﬁﬁﬂﬁﬁﬂ
—p-(1—p)-(1—p)-p-(1-p) LR TNEBKRERE (Loss
— p2-(1—p)3 (6.3.2) function), BRI %EE -
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P(X = %)PMEXQHHX:&%PHEAmuHX=XQ

=p-(1—p)-(1—p)-p-(1-p)

= p2 - (1 — p)S 0.0351 —
/1N
log(p*(1 — p)*) = 2logp + 3log(1 — P) — [ | \ B
2 3-(-1) 0.0201 \ 4L
— + =0 a \
4 1-p — 0.015 / \
© 2l—p)—3p=0 0.010
o op =2 0.005 /
& P= % =(].4 0.000 / -
00 02 04 06 08 1.0
EARELEETE

p
2 6. & s £ AR R
(maximum likelihood estimator, MLE) W 6-13 WA p o HEMAROENDE

2%171‘E2ﬂ,{|1|§5{ﬂ’]1ﬁi1§m‘ka-7<1§ mA=&/IVME?
SANBLEEDEAZERE T BEIREMOFR 01 WSHE - RIEHE - HENSHEW A&
e B (DL BRI B 3R AR VB B SR AR(E
BOABIZAZ S HSHRER(TIR0~1)MEEMAK - BMERZAREFRO - MFR 072
WVE - Ui I RRER & A CRE R ERYIE N -
HMFEZENBUIRRBAEOBERERIEN - AILBEEEEMAERNZSET 2R MER -
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mle {stats4}

Suppose Y7, Y> are iid with density f(y) = 0e %, y > 0. Find the MLE
of 6.

By independence,L(0) = (0e~%1)(ge=02) = g2 0witw2)

(a) Thus £4(0) =
tion to be solved is

2

d
L0 = Sty fys) =0, B0

(b) The unique solutionis 8 = 2/(y1 + y>)

(c) Therefore the MLE is the reciprocal
this example.

2logf — 0(y1 + y2) and the log-likelihood equa-

, which maximizes L(6).

of the sample mean in

(a) The mle function takes as its
first argument the function that
evaluates —£(60)

— log(L(6)).

(b) The negative log-likelihood is

minimized by a call to
optim, an optimization routine.

>y <- ¢(0.04304550, 0.50263474)
> theta hat <- length(y) /7 sum(y)

> theta hat

[1] 3.66515

>

mlogL <- function(theta = 1) {
n <- length(y)
f <- -(n * log (theta) - theta * sum(y))
f

}

library(stats4)
fit <- mle(mnloglL)

vV VV+ + + +V

> summary(fit)
Maximum likelihood estimation

Call:
mle(minuslogl = mloglL)
Coefficients:

Estimate Std. Error
theta 3.66515 2.591652

-1.195477

-2 log L:
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E'EE- = Xi,..., X, ~1iid N(uo?). Ky &) ZMLE -

fla | 1y0?) = ——— exp (u)

2mo? 207

The probability density function for a sample of nindependent identically
distributed (iid) normal random variables (the likelihood) is

n n/2 n T; — 2
f(ml,...,mn|p,02):Hf(xi|,u,,c72)=( - ) exp(zz_l( 5 K ),

2
Pl 2o 20

£([£,0’) :f(mla"'amn |“3J)

3

log(£(1,9)) = (~n/2)log(2m0®) — — > (2 — )

—2‘1’?,.’1_3— n i .
0= Progltuon =0~ —Z M. mh | p=a=Y % Bjg=y

202

https://en.wikipedia.org/wiki/Maximum likelihood estimation
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R 1 O R R 1 & )
J2=;;(ma—u)2- p=p 02:;2(%—‘1’)2

The maximum likelihood estimator (MLE) for 6 = (i, 0?) is

~

1 T
— ~2 E : —\2
L= = — o° = — r; — T
% T n i 1( )
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optim {stats}

K
-0

F S ’
S

O

Q\

> loglikefun <- function(x, par){

+ mu <- par[1]

+ sigma <- par[2]

+ n <- length(x)

+ loglikelihood <- - (n /7 2)*(log(2 * p1 * sigma™2)) +

+ (-1/(2 * sigman2)) * sum((xX - mu)"2)

+ # return the negative to maximize rather than minimize

+ - loglikelihood

+ 3}

>

> set.seed(1123) 1 &
> x <- rnorm(100) log(L(u,0)) = (—n/2)log(2m0?) — — Y (z; — p)*
> X <- x/sd(x) * 8 # sd of 8 202 =
> X <- X - mean(x) + 10 # mean of 10

> cat("mean(x) =", mean(x), ", sd(x) =", sd(x))

mean(x) = 10 , sd(x) = 8

> optim(par = c(0.5, 0.5), fn = loglikefun, x = x)
$par

[1] 10.001693 7.975965

$value
[1] 349.3359

$counts

function gradient
95 NA

$convergence

[1] O

$message
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s EEMEETEAEARMNERESECKEETE  ABRE—EEBEKE
(Confidence Level) & - Ex—E L FaEF @ HEEEAEEERE
(Confidence Interval) - EEE/KEZEZEBEEHESENIEE -

n 5% EEEERR - M100 REEERE @ BEEXNEZSEIESE05 X

Interval Estimate of Population Mean

EAEAR(n> 30) + BEEo2H, 7 _ X —p

P(—2<Z<2z)=1-a=0.95.

T—a- .95 "

"
I |
I
I

O(z) =P(Z<z)=1-2=0.975, Z |
=025 ! i %=-°25
=& (®(2)) = & 1(0.975) = 1.96, ~ Z
z=-196] o

[Z=-1.96 | 44 2=1.96 |
Lower g Upper

Confidence Point Estimate Confidence
Limit Limit

(V] e]

O.95=1a=P(z§Z§z)=P(1.96§ _”51.96) WHJW

— P (X 1.96

Sl
3
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J I I -' -

RBTEREETERE - 2&8t&155E U ERIAOS - LX%E/\(65%LXJ:)EE@$%
HisE&EE ° fﬁE%ﬁ_ME%/\TnTE?’EtH%EEAE’JEaﬁﬁ B - RUEZE FEEFA
BEGRNEE - LOREBRMNBNEE - ML TIRZHRBEMEAHENSIcH
I00UZAREERERNEE - GRS BEHEASRNFHORER 21.2/0\ -
RERBBEFRHAENER - SHSEREERBENREERS/NE - BT
SWEEKETD  BERHESRFIKENEERER/M ?

4§*é7j(2%%95% ’ X=21.2,J\H.%:- » O =8;J\H-'I—f]:- » n =100

X eyt A ¥ E B N~(noy) mp P(X-u|<1.960.)=0.95

o 8
_ =0.8 Fl-a ZHAKRET  FRPFAHABRGEHEER B
NN T _
)Y'jzzza/ZCif
) 19.632 < 11 <22.768
XiZa/20X:21.2i1.96X0.8 » > alpha <- 0.05

> Xbar <- 21.2

ojism . "EFASERFHESEENERET | ﬁiSTalgg 8

19.632~22.7§8 N2 - mIE—&ET{E | > v <- gnorm(i-alphas2)*(sigma/sqrt(n))
BE(EHRRE)BI5% - S e 0n o
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1. In the frequentist approach to statistics, the parameters of a
distribution are considered to be fixed but unknown constants

2. The Bayesian approach views the unknown parameters of a dis-
tribution as random variables

(a) In Bayesian analysis, probabilities can be computed for pa-
rameters as well as the sample statistics.

(b) Bayes' Theorem allows one to revise the prior belief about an
unknown parameter based on _observed data

Bayes’ Theorem || 1. If A and B are events and P(B) > 0, then

P(B|A)P(A)
P(B)

P(A|B) =
2. The distributional form of Bayes’ Theorem for continuous random

variables is

fyix=Wfx(@) _ fy 1 x=(¥) fx (@)
fy(y) IZ% Frix=2(W)fx () dx

fX|Y=y(T’) —
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OJEEME x FcBa 4‘%7
BERE = —wa e

. P(A|B): HEEH B BEMBRTEE A BERBRE -
(FBIF A S EBHERNEEEIE) (posterior probability)

« P(A), P(B): A, B FNERI# R
FoERIEAE (prior probability) °
(P(A) #0, P(B) #0)

« P(B|A): ©H A 8854 1% - B BUIRGHER -
(FEVERBEL R 2 likelihood function) e

B+ fFREAmiEZE -

—EZEEEA 3 ALK - F_EEEES 2 FAALIKA
1 A - IEREE—

ﬂﬁl% AEBETTHIM 2 383K - BERGERE 2 BAIEK
BEZEENFEEIKZE ?‘IIYE’J*%KE'y"'\ ? (https://ccjou.wordpress.com/)
{T4J%,Uh}

' Fopi 2 BAK LB -
_ P(A|Uy)P(U)
' O i a POIA) = B P + PAIT) P
B 1-3 3

http://www.hmwu. 1dv.tw
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Bayes’ Theorem | | 1. If A and B are events and P(B) > 0, then

_ P(B|A)P(A)
P(A|B) = P(B)
2. The distributional form of Bayes' Theorem for continuous random
variables is
X|Y=y fy (y) = fy|X=x(’y)fx(a:) dx

1. In the frequentist approach to statistics, the parameters of a
distribution are considered to be fixed but unknown constants

2. The Bayesian approach views the unknown parameters of a dis-
tribution as _random variables

(a) In Bayesian analysis, probabilities can be computed for pa-
rameters as well as the sample statistics.

(b) Bayes' Theorem allows one to revise the prior belief about an
unknown parameter based on _observed data
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3. Suppose that X has the density f(xz|0).

P(B|A)P(A)

P(AIB) = == s

(a) fy(6): the pdf of the prior distribution of 6.

(b) The conditional density of # given the sample observations z1,--- ,zn
is called the posterior density

f(z1,- - ,znl6) fo(0)

(c) The posterior distribution summarizes our modified belief about
the unknown parameters, taking into account the observed data.

(d) One is interested in computing posterior quantities such as
posterior means, posterior modes, posterior standard deviations.

Br. Hirl M, Koduvely

Bayesian Bayesian Data Analysis
Networks
With Exa

Learning

Bayesian Models
with R
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X, X,,..., X, bearandom sample X,,..., X, ~iid. N(u,o

prior distribution for | is normal with mean W, and variance o;

1 —(u— po)*/(203) 1 —(W* =2u0+ 1] )/(262)
= ¢ -
S 271G, V271G
The joint probability distribution of the sample
1 126 Y (-
f(xl,xz,---,on):We ° E g
_ 1 FPEROERORE
" 2no?)”? ¢

2),

U is unknown and 6° is known.

the joint probability distribution of the sample and U 1s

e

(X1, X9,..., X,,, L) =
A H (2nc?)"?\/2no,

1 1 2, Ho
(1/2)|i[02+ 02 !n]u 2[ 02 0" /n ]“
0 0

2 2
hl(xla---axmc :IJ'OaGO)

1 -(l/2)[[l!c%+n!02 )u2 -(2pg .’03+2in /6” )p+2xf /6% +ud /o) ]
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L, 1T |2 5| Mo, ~x 2 2
~(1/2) [%+sz]u -2 0—%+sz w(x,...,X,,07, Ly, 0p)

f(xl:-xZ)”'!xn! l*l) =€

2
L (62/n) Mo, 0} ) ,
Bl Bt | L Rcpe paaeyr > h(xi,..., X,,0°, Wy, Op)
f(.x1, JCZ,..., Xn,p,)ze GO o /n Gl} n G n

hi(xi,...,x,, 67, Lo, O ) is a function of the observed values and the parameters 67, LL,, and G5,

because f(x,...,x,) does not depend on L,

2
2

1 1 (sz::]uo +GUJ_r ) 5
( ) —(1/2) 6_%.'-% n - ﬁ h3(x],...,xn,(5 ’MD’GO)
0
- Flu|x,....x,)=e -
/ (0‘2/?1)].[0 +05 X

a normal probability density function posterior mean ol+0°/n
-1 2 2
. : Gy|07/
posterior variance 1,1 ) % (o°/n)
G, o°/n Go+6°/n
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(Gz/n)uo +0‘%f

posterior mean
Gy +6°/n

suppose that we have a sample of size n =10 from

from a normal distribution with unknown mean W and variance 6~ = 4.

Assume that the prior distribution for [t 1s normal with mean |, = 0 and variance o;=1.

If the sﬁmple mean is 0.75, the Bayes estimate of L is

(4/10)0+1(0.75) 075

== =0.536
1+(4/10) 1.4
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