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= QQplot
n FRMBREIE (Central Limit Theorem, CLT)
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= Merriam-Webster dictionary defines
statistics as "a branch of mathematics
dealing with the collection, analysis,
interpretation, and presentation of
masses of numerical data."

8)
-‘\\Q

s BEMAN(BELRIREL7HL), 7ML
s RULAET: BATWEZIRARREEER -
n EERATET ZEREMEEMEZ T - REBERAR
Rt A HERR S RV S BB 0: (5T EHES T
B8 R o) -

s RETHHRBZAI DI BOBHET - LR
5T - BH&ET - EYMET (g HET - B
[C#at ~ EEAMETES -

http://www.theusrus.de/blog/some-truth-about-big-data/
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. Machlne Learning is an algorithm that can learn from data without relying on
rules-based programming.

» Statistical Modelling is the formalization of relationships between variables in the
form of mathematical equations.

Machine learning Statistics

network, graphs model . .
SHp The Data Science Venn Diagram
. http://drewconway.com/zia/2013/3/26/the-data-science-venn-diagram
weights parameters
learning fitting %
Ny 4_4%
generalization test set performance QQ? Machine 6}
N
supervised learning regression/classification @
unsupervised learning density estimation/
clustering

Substantive

HERBEMARRENER Expertise

http://vvar.pixnet net/blog/post/24204888l

BITERAER - KRB BERBRRE—BENAZERIBBEX?
https://read01.com/EBPPK7.html

WaRBBERTEZE MmN ?

https://read01.com/ezQ3K.html
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s Nominal (BB##), Categorical ($8RIE), discrete: 145l -
&k~ RAEMN - REITE - 8538 (qualitative BE) -

= Ordinal (lEfF): iBAEE - IREE - mEEE - #HBEE -

= Interval — Distances between values are meaningful, but
zero point is not meaningful. (Bl40:ZEFKRE) (A RER : 80
= 4 0ERmMmEzER) -

s Ratio (Continuous Data E4£&E & i)— Distances are
meaningful and a zero point is meaningful: WA - £& -
55 - ... (quantitative 5T £) -

http://www.hmwu. 1dv.tw



—I'-v,:\ E: IB\L%%%}:
‘15%(average)
2l(mode)

P17 8(median)

7

Density

=i 77 Bz
I E(Quartile)
i\EE(range)
B (interquartile range, IQR)
Eﬁi%fl(percentile)
tZ %= (standard deviation)
'%E%,\Eﬂ(varlance)
Median absolute deviation

X = median(X): /

MAD = median(|X; — X])

= -
I=.

0.0z 003 0.04 0.05
\ l I

0.01
l

SRS HTHE

0.00
L

B

Z@Ixz
n—1

— The number of data points

' = The mean of the £

;= Each of the values of the data

a0

100
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density

density

4 %oo -

2 %00 .

4 %00 -

2 %00 .

BYFEMSHREITE

1004
Fi9% 449637
EeLing 33,3007
g 55,6517T
k |mean| bt 17,8857
Imed'\anl
58 108 158
BHFEMBET)
1044
FEa# 47,8095t
S=RiTE | 35,1387
EfE  60,9967T
|mean| 2Y 19,6447
Imedia;l
mo\
SE 108 158
BHFEEMSET)
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;".?@E?@Tﬁﬁm . B AF - WE - geteng  wer

Executive Yuan, ROC. (Taiwan)

il s

ings Exploration & Information Systam

https://earnings.dgbas.gov.tw/

HNFHFESER ?1THR "#HI5¥EEe .  —&EABECCHFKELR
https.//buzzoranqe.com/techoranqe/2019/04/10/sa|ary—distribution/
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> X <- letters[1:3]
> library(combinat)
> permn(x)

[[111

[1] "a'™ "b"™ "c"
[[21]

[1] "a' "c" "b"
[[31]

[1] "¢ "a"™ "b"
[[41]

[1] "¢ "b"™ ™"a"
[[511

[1] b *c'" ™"a"
[[611

[1] b "a"™ "c"

> # the number of
distinct arrangements
of 3 out of 5

> nCm(5, 3)

[1] 10

s combn{utils}: Generate All Combinations
of n Elements, Taken m at a Time.

m Usage: combn(x, m, FUN = NULL, simplify = TRUE,
.

= Arguments:

= X:vector source for combinations, or integer
n forx <- seq_len(n).

= m: number of elements to choose.
= FUN: function to be applied to each

combination; default NULL means the

identity, i.e., to return the combination
(vector of length m).

http://www.hmwu. 1dv.tw

> combn(5, 3)
[-11 [.21 [.31 [.41 [.5]1 [.61 [.71 [.8]1 [.9] [,10]

[1,] 1 1 1 1 1 1 2 2 2 3
[2,] 2 2 2 3 3 4 3 3 4 4
[3.] 3 4 5 4 5 5 4 5 5 5

> combn(5, 3, min)
[1]1111112223

> choose(5, 3)

[1] 10
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= Arandom experiment (BE#E5%) is a process by which we
observe something uncertain. After the experiment, the result of
the random experiment is known.

= Outcome (%55R): An outcome is a result of a random experiment.

= Sample space (&4 ZEE), S: the set of all possible outcomes.
s BlF1: IR ES, 1E(Head) = (Tail)E 2 AZERE S={HH, HT, TH, TT}.
s Event (314), £: an event is a subset of the sample space.
= f5-F2: In the context of an experiment, we may define the sample
space of observing a person as S = {sick, healthy, dead}. The
following are all events: {sick}, {healthy}, {dead}, {sick, healthy},
{sick, dead}, {healthy, dead}, {sick, healthy, dead}, {none of the
above} .
= Trial (s152): a single performance of an experiment whose
outcomeisin §.

s Bl 73 RIBARE R ER SRS - SREB—XEEEE—R "aiE, -

%

http://www.hmwu. 1dv.tw




= Probability (#2): the probability of event E, P(E), is the value
approached by the relative frequency of occurrences of E in a long
series of replications of a random experiment.
(The frequentist view)

= Random variable (FE#ZE1): A function that assigns real numbers to
events, including the null event.

eA"aer:,dn(]Dgr‘]t Probability Distribution (B¢ZE 5 1f): =
X I 3 S — = == EA
P DB R R B AR R A B B o

R TS 4s B (AIE AR Y SETR)RAe
) BT BE M (1) -
B F BN PE#EER X RN — M A EER SR
X=1&21F/"  X=-0A~H -
PX(E)=x)=p  RHIXWHERSMHmIE: P(X=1) = 0.5, P(X=0) = 0.5.

A » ‘

P | RGBSR AR E R R

(Odtcome) SUDSE
E

Sample spag

v

Source: Statistics and Data with R Eﬁ%ﬁ%$ﬁ1ﬁ ° ‘L)
CER Fristy 2o » AT AEHIRNE (Bl 1 1-2-34:5-6) > EBZ D [& \.\\_
EB e g) ? IBERREIAR » 1 R -
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Four fundamental items can be calculated for a statistical
distribution:

s BRREREE()

= point probability P(X=x) or probability density function f(x).
dnorm()

s EREEREVE (p)

= cumulative probability distribution function, F(x) = P(X<=x):
pnorm()

» the quantiles of the distribution: gnorm()
Often, we are interested in the inverse of a distribution. That

is, given a probability value p, we wish to find the quantile, x,
such that P (X<x|0) =

m FEHEEN (1)

= the random numbers generated from the distribution:
rnorm()

http://www.hmwu. 1dv.tw



Distribution Rname additional arguments

beta beta shapel, shape2, ncp
binomial binom size, prob
Cauchy cauchy location, scale
Pl=geffinormal & 41): chi-squared chisq df, ncp
exponential exp rate
R E(HE)RE: dnorm() F f dfl, dfl, ncp
gamma gamma shape, scale
5%*;*%%(%@6)@%& pnorm() geometric | geom prob
hypergeometric hyper m, n, k
log-normal lnorm meanlog, sdlo
MU gnorm() b | 108 508
logistic logis location, scale

negative binomial nbinom  size, prob

BB 2L rnorm()

. normal norm mean, sd
Poisson pois lambda
Student’s t tdf, ncp
uniform unif min, max
Weibull weibull shape, scale
Wilcoxon wilcox m,n

http://www.hmwu. 1dv.tw



https://en.wikipedia.org/wiki/Probability mass function

Pr({s € S:X(s) =z})

fx(z) =

(m)zl

zeA

BIF ?xIﬁIIZ%E’\IEEI’J

X, ~ DiscreteUniform (1, 6)
X, ~ DiscreteUniform(1, 6).
Jxi (k) =fxo (k) = P(X, = k) = P(X;= k) = 1/6,
k=1,..,6.
ity
fS(S) =p(S=s),s=2, .., 12
2) = 1/36, P(§=3)=2/36, ..., P(S=12)=1/36

P(S =
PX, +X,>9) =1/12+ 1/18 + 1/36 = 1/6

http://www.hmwu. 1dv.tw

Formal definition
Suppose that X: S — A (A C R) is a discrete random variable defined on a sample
space S. Then the probability mass function fi». A — [0, 1] for Xis defined as

-
Thinking of probability as mass helps to avoid mistakes since the physical mass is

conserved as is the total probability for all hypothetical outcomes x:
0.16

P(S)

0.14
0.12
0.10;
0.08/
0.06-
0.04-
0.02

1 | | !
&k &~ Bl 0= Glo o

S

pmf (p(S)) specifies the probability distribution

for the sum S of counts from two dice
https://en.wikipedia.org/wiki/Probability distribution
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Definition. The probability density function ("p.d.f.”) of a continuous random variable

X with support § is an integrable function f{x) satisfying the following:

(1) flx) 1s positive everywhere in the support S, thatis, f(x) > 0, forallx in §

(2) The area under the curve f{x) in the support S is 1, thatis: [ f(z)dx =

(3) If f{x) 1s the p.d.f. of x, then the probability that x belongs to A4,

where A is some interval, is given by the integral of f(x)
over that interval, that 1s:

b
P(X € 4) = [, f(x)de Pa<X <t~ [ fa)do

The probability density of the normal distribution is:
1 (3—#)2

(oA 202

flz | p,o®) =

2mo?

where

34.1% | 34.1%

¢ L is the mean or expectation of the distribution (and also
its median and mode).

e O Is the standard deviation

° 02 is the variance

http://www.hmwu. 1dv.tw
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m Itis an S-shaped curve showing for any value of x, the probability of obtaining
a sample value that is less than or equal to x, P(X<=x).

= The probability density is the slope of this curve (its derivative) of the
cumulative probability function.

pnorm(-1)
1] 0.1586553

> curve(pnorm(x),

> arrows(-1, O,

> arrows(-1, pnorm(-1),
>

L

-3, 3)
-1, pnorm(-1),

col="red")
-3, pnorm(-1),

col="'green™)

IR R Graphics: Device 2 (ACTIVE) o] x|
I’[)I: N(0,1)
=
o
“ |
o
kS
E o |
S o
0.1586553 «——
v\d‘ —
S
< | T | |
-2 -1 0 2 4

1.0

0.8

phorm{x)
0.6

04

2

0.0

|

IR R Graphics: Device

2 (ACTIVE)

CDF
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(2 httpsy/eranrpro. O ~ @ O | 2 CRAN Task View: Probabili...
#REEE) R0 BRNEEW ITEO HIEH)

For most of the classical distributions, base R provides probability distribution functions (p)
functions (q), and random number generation (r). Beyond this basic functionality, many CRJ
useful distributions. In particular, multivariate distributions as well as copulas are available

Ultimate bibles on probability distributions are:

The maintainer greatfully acknowledges Achim Zeileis, David Luethi, Tobias Verbeke, Rob)
Jay Kerns, Kjetil Halvorsen, William Asquith for their useful comments/suggestions. If you
accurate or not complete, please let me know.

Base functionnality:

CRAN Task View: Probability Distributions

Maintainer: Christophe Dutang

Contact: Christophe.Dutang at ensimag.fr
Version: 2017-01-26

URL:

https://CRAN.R-project.org/view=Distributions

different volumes of N. L. Johnson, S. Kotz and N. Balakrishnan books, e.g. Continug
Vol. 1,

Thesaurus of univariate discrete probability distributions by G. Wimmer and G. Altm
Statistical Distributions by M. Evans. N. Hastings, B. Peacock.

Distributional Analysis with L-moment Statistics using the R Environment for Statisti

Base R provides probability distribution functions p foo () density functions d foo ()
and random number generation r foo () where foe indicates the type of distribution: Y
binom, Cauchy cauchy, chi-squared chisg, exponential exp, Fisher F £, gamma gamm|
hypergeometric hyper, logistic 1ogis, lognormal 1norm, negative binomial nbinom, 1]
Student t £, uniform uni £, Weibull weibul1. Following the same naming scheme, buf
following distributions in base R: probabilities of coincidences (also known as "birthd|
and q). studentized range distribution tukey (only p and q), Wilcoxon signed rank dis
rank sum distribution wilcox.

https://cran.r-project.org/web/views/Distributions.html

Univariate Distribution Relationships:http://www.math.wm.edu/~leemis/chart/UDR/UDR.html

[T

H eometric €
. I I . | I

|JrI[

HthogNannm

~N

|

gy

«

] ‘”H“cﬂmlllnmm- s

Bernoulli |

(—)I Geometric
||I||l|| ......

,l, HH ative
| llllll

> ‘ . Exponential
||!t|li'|||n i

||;
[|. rJ[JlW Ibrhl...._..

L 4

_lfﬂl\Hléi'%lhmm...,‘.”._
.‘mlHHi“l lH”Hl“h

http://blog.cloudera.com/blog/2015/12/common-probability-distributions-the-data-scientists-crib-sheet/
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n it BFFENRIBEKEMER
#MEt = anaYEER,

= 1895-1898 : &FX—

wRENE - HERGRE - REE  FAESE

s SIA SHETERRER R ﬁﬂ%ﬁééﬁﬂlmﬁﬁﬁﬁ%ﬁﬁ%E’J’fﬁas.zn‘ﬁﬁﬂ’]*%ﬁl

ZWAKE -
RECEERHARRERE
0 1 & 2
s = 1;(331 T)

TR [ -

Z 5 FtHEE ’_—“IE(correIatlon) BN

|

00 01 02 03 04

B (IR 2ER -
FLOILA ¢ BRFERERIR

Schweizer, B. (1984), Distributions Are the Numbers of the Future, in Proceedings of The Mathematics
of Fuzzy Systems Meeting, eds. A. di Nola and A. Ventre, Naples, Italy: University of Naples, 137-149.

(The present is that future.)
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m  Normal distribution, for a single real-valued quantity that grow linearly (e.g. errors,
offsets)

m Log-normal distribution, for a single positive real-valued quantity that grow
exponentially (e.g. prices, incomes, populations)

m Discrete uniform distribution, for a finite set of values (e.g. the outcome of a fair die)

= Binomial distribution, for the number of "positive occurrences” (e.g. successes, yes
votes, etc.) given a fixed total number of independent occurrences

= Negative binomial distribution, for binomial-type observations but where the
quantity of interest is the number of failures before a given number of successes
occurs.

m  Chi-squared distribution, the distribution of a sum of squared standard normal
variables; useful e.g. for inference regarding the sample variance of normally
distributed samples.

m F-distribution, the distribution of the ratio of two scaled chi squared variables; useful
e.g. for inferences that involve comparing variances or involving R-squared.

https://en.wikipedia.org/wiki/Probability distribution

http://www.hmwu. 1dv.tw
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= The quantile function is the inverse of the cumulative distribution function:
Fl(p)= x.
= We say that ¢ is the x%-quantile if x% of the data values are <gq.

q-quantile

|
sorted X | T |
| | |

PIX<r)<qand P(X>z)<1-—q.

q 1-—q

> # 2.5% quantile of N(O, 1)
> gnorm(0.025) [ R Graphics: Device 2 (ACTIVE) =lox|
[1] -1.959964

> # the 50% quantile (the median) of N(O, 1)

> gnorm(0.5) ]
[1] O

> gnorm(0.975)
[1] 1.959964

N(0,1)

04

0.3

dnorm(x)
0.2
|

] o : o 5
®1(0.975) T+ 200257 S B ST 20 s °
P(20.025 < — s < 20.975) = 0.95
o/\/n ~1.950964 * 1.950964

http://www.hmwu. 1dv.tw
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Q
8
Sl
n

1 X
n  REZZRREMEIEMN TEEM , (variation)sk
"A—HFEE . (inconsistency) °

«  BEABER "IN, EREANER - AMEY 3413%
RS - TOEAE - FHRERE  FHTES 8
ARBKTRRRE - BSA EEE REEESR

Al

34.13%

= D M R - 2.28% 13.59% 13.59%
| |
s AIEEEEEL1086EMotorola @R ER 7Y K wnle ok wle piZe psde
755% - MAGOMRESLEEL—BEEEESR 2R \— About68% —
Eﬁ%\?ﬁﬁﬁ’:\34@(§$9999966%) ° E@Tﬁlﬁi—ﬁlﬁ k About 95% J
REENEE  RES—EEARNWEA - EhR | n |
HERENATLBBIA - Ao e

Source: https://www.usastock88.com/2013/04/BBand.html
»  EEBEMS(Harry "1978) - F1999% M mEKERER (RRERZREEES M)

OE/NNEBE2EHHAER - BHERL%RER - QBRRENERKBISHIEZFAESHA
B - Q) BERBSTAHIINEERRS - ABERB7NHFEE -

" . an hiE NIEEEEEET
n HEFEMNEXREERIBNSGS: https://www.6sigmai.org/

1) EMZEACIEHERLZ X 5E99.73% - (BEEE—EBERK - 852, 700RKE)
(2) REREBIRERERRENEE R TFIIMINERZ9.9%

. NREEZEEEXNBSE - BESIRNERERESE1IE  $EPRERERTE
99.999% 5= B AR A mn B ot = B R R A
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Let X;is a vector of measurements for the /~th object in the sample.

s (X, X,.., X)) is said to be a random sample of size nfrom the common
distribution if X, X,..., X,as independent copies of an underlying
measurement vector. (an n-tuple of identically-distributed independent

random variables).

par(mfrow=c(2,2))
hist.sym <- hist(rnorm(10000),nclas=100, freq=FALSE,
main=""Symmetric Distribution'”, xlab="rnorm")
hist.flat <- hist(runit(10000),nclas=100, freq=FALSE,
main=""Symmetric Flat Distribution', xlab="runif")
hist.skr <- hist(rgamma(10000,shape=2,scale=1),freq=FALSE, nclas=100,
main=""Skewed to Right", xlab=""rgamma')
hist.skl <- hist(rbeta(10000,8,2),nclas=100,freq=FALSE,
main=""Skewed to Left', xlab="rbeta')

+ Vv+V+V +V YV

Symmetric Distribution Symmetric Flat Distribution Skewed to Right Skewed to Left

T T T T T 1 r—r T 1 1T 1T T 1
00 02 04 0B 08 10 o2 4 6 8 10 12 14 04 06 0s 1.0

1.2

Density
Density
0s
A T I Y O
Density
|
Density

0.4
00 01 02 03 04

oo 10 20 30

00 01 02 03 04

00

rnorm runif rgarnrma rbeta
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s The concepts of randomness and probability are central to

statistics.
> sample(x, size, replace = FALSE, prob = NULL)

= sampling without replacement
> sample(1:40, 5)
[1] 1238 2 3 7

= sampling with replacement
> sample(1:40, 5, replace=TRUE)
[1] 35 4 4 16 22

= Simulate 10 coin tosses (fair coin-tossing)

> sample(c("H™, “T"), 10, replace=T)
[1] 7" 7" "7T* 'H™ UH™ UYH™ T YHY YT OUHY

> sample(c('succ*, "fail'), 10, replace=T, prob=c(0.9, 0.1))
[1] "'succ™ 'succ" "'succ' "fail" "farl'" "fail" "succ' '"succ'" "succ' ''succ"
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Notation

B(n, p)

m X~ B(n P) R IANRBLBFH B P (size) - HIMERTDIRAIRE -
= Bl TEB 7FS£“E$H1‘}§+— - BEBS EEREMAREN =10 p=1/2
M_IBNf -
n dblnom(x, size, prob) # ##FEZ'IE P(X=x)
m pbinom(q, size, prob) # ZNZqHI#EE P(X <= q)
m gbinom(p, size, prob) # SAHZENEHFEE - HEAEFEH -
m  rbinom(n, size, prob) # [BEH#ELE-ng)_EEHZEHE -
Probability mass function
§ | * p=0.5 and n=20
* p=0.7 and n=20

§- ® p=0.5 and n=40

g1 " ’ ) & Cumulative distribution function

24 snendesnlont® e 1 = .

0.6
L

3 - -
= -—
= - — p=0.5 and N=20
- = = - p=0.7 and N=20
S - p=0.5 and N=40
2D ] esssrlissiess®
< r T T
0 10 20 30 40

Parameters |n € Ng — number of trials
P € [0,1] — success probability in each
trial

Support k{0, .., n}—number of successes

pmf (m P —p*

CDF ILip(n—Fk,14+k)

Mean np

Median |np| or [np]

Mode |[(n+1)p|or[(n+1)p] —1

Variance  np(l —p)

Skewness i

vnp(1 —p)

Ex. kurtosis | 1 — 6p(1 — p)

np(1 — p)

Entropy %logz (2menp(1 —p)) + O (%)
in shannons. For nats, use the natural log
in the log.

MGF (1-p+pe')

CF (1—p+pe’)"

PGF G(z) =[(1 —p) +p2]".

Fisher

information 9" (p) = ﬂ

(for fixed n)

https://en.wikipedia.org/wiki/Binomial distribution
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X~B{]0 0.8)
s NAZESEERAT - sTEEERATVEP(X=3) -

> factorial (10)/(factorial(3)*factorial (7))*0.87"3*0.2"7
[1] 0.000786432

= MHAHREE - 5TEH=REPX=3) -
> dbinom(3, 10, 0.8)
[1] 0.000786432

= FIEP(X<=3)-P(X<=2) - WHIP(X=3)MELLEK
> pbinom(3, 10, 0.8)- pbinom(2, 10, 0.8)
[1] 0.000786432

s CDHENHERER0.1208 - KEHENSME -
> gbinom(0.1208, 10, 0.8)
[1] 6
> pbinom(6, 10, 0.8)
[1] 0.1208739
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0.2

0.0

2= 0 N Notati 2
s dnorm(x, mean, sd)#MEERZERKEE f(X) =i Ny, o)
Parameters L4 € R— mean (location)
m pnorm(g, mean, Sd)#%ﬁﬂ¢%$1ﬁP(X< = X) 0® > 0 — variance (squared scale)
= gnorm(p, mean, sd)#Z2NHREp HEM DU ::'“Fp"” XeR "
o 1 ——
= rnorm(n, mean, sd)#EREMEIEIRA =
oV 2w
Probability density function CDF 1 T —
o T T T T T T T LS L E 1 + eI'f
- p=0, 02=02,— ] 0'\/5
b0, 050 — ] Quantile o+ oy/2erf L(2F — 1)
- H=-2, 0°=05, == Mean U
3 h B i Median u
S 04 Mode U
02_ E Variance o?
- - Skewness 0
0'°_§|_\4|_3|_2|_1|0| 1 I-a'nlz E)(.kurtosis 0
X Cumulative distribution function Entropy % ln(za-zqr e)
The red curve is the standard normal d - T T T T T T T T 1
MGF exp{ut + 3 o212}
cF exp{iut — 1t:r2t2}
’>-<\ 0.6 2
= Fisher 1/0? 0
i information 0 1 /(20.4)

https://en.wikipedia.org/wiki/Normal_distribution
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[1] 0.1586553
> gnorm(0.975)
[1] 1.959964

Z ~N(0, 1) > dnorm(10, 10, 2) # X~-N(10, 4)
> dnorm(0) [1] 0.1994711

[1] 0.3989423 > pnorm(1.96, 10, 2)

> pnorm(-1) [1] 2.-909907e-05

> gnorm(0.975, 10, 2)

[1] 13.91993

> rnorm(5, 10, 2)

[1] 9.043357 11.721717 7.763277 9.563463 10.072386

> pnorm(15, 10, 2) - pnorm(8, 10, 2) # P(8<=X<=15)
[1] 0.8351351

par(mfrow=c(1,4))

Probability density

oo 01 02 03 04

Frobahility

Quantile(z)

p

frequency

50 100 150 200

1]

>
> curve(dnorm, -3, 3, xlab="z", ylab="Probability density', main="Density')
> curve(pnorm, -3, 3, xlab="z", ylab="Probability", main="Probability")
> curve(gnorm, 0, 1, xlab="p", ylab="Quantile(z)', main="Quantiles™)
> hist(rnorm(1000), xlab="z", ylab="frequency', main="Random numbers')
Density Probability Quantiles Randoem numbers




norm.sample <- rnorm(250)

summary(norm.sample)

hist(norm.sample, xlim=c(-5, 5), ylab="probability",
main=""Histogram of N(O, 1), prob=T)

X <- seq(from=-5, to=5, length=300)

lines(x, dnorm(x))

vV V + V VYV

probability

00 01 02 03 04 05

Pr Graphics: Device 2 (ACTIVE)

Histogram of N(0, 1)

norm.sample

Rt A TR HY PR

X <- seq(from=-5, to=5, length=300)
plot(x, dnorm(x), type="I")

points(0, dnorm(0))

height <- round(dnorm(0), 4); height
text(1.5, height, paste("'(0,", height,

04

0.3

>
>
>
>
>

"))

dnorm(x)
0.2

0.1

0.0

Fr Graphics: Device 2 (ACTIVE)

0, 0.3989)
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The quantile-quantile (Q-Q) plot is used to determine if two data
sets come from populations with a common density.

Q-Q plots are sometimes called probability plots, especially when
data are examined against a theoretical density.

ggnorm(): produces a normal QQ plot of the values in sample

qgline(): adds a line which passes through the first and third
quartiles.

m Use the diagonal line would not make sense because the first axis is scaled in
terms of the theoretical quantiles of a N (0,1) distribution.

= Using the first and third quartiles to set the line gives a robust approach for
estimating the parameters of the normal distribution, when compared with using
the empirical mean and variance, say.

m Departures from the line (except in the tails) are indicative of a lack of normality.

qgplot(): ggplot produces a QQ plot of two datasets.
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vV V. V V V VvV V V V

par(mfrow = c(1, 2))

set.seed(12345);

n <- 100; mu <- 0.5; sigma <- 0.15

X <- rnorm(n, mu, sigma)

hist(x, freq=FALSE, ylim=c(0, 3), main=""")
y <- seq(0, 1, length = n)

lines(y, dnorm(y, mu, sigma), type = "1%)

Density
2.0 3.0
06 08

1.0
Sample Quantiles

02 04

0.0

Theoretical Quantiles

gqgnorm(x, main = “rnorm(mu=0.5, sigma=0.15)"");

qgline(x)

vV V V V

qgplot(x, rnorm(300))
qgline(x, col = 2)

qgplot(scale(x), rnorm(300))
qgline(scale(x), col = 2)

2

1

rnorm{300)
0

-2 -1

rnorm{300)
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n-'(j‘s

s
.{“\‘}
|
N7z o
- [
‘g -

par(mfcol=c(2,4))

n <- 100
X <- rcauchy(n, 0, 0.1) # a long tail density
hist(x, freq=FALSE, main="long tail™)

qgnorm(x, main = "rcauchy(n, 0, 1)");
qgline(x, col="red")
# different shapes of distributions

curve(dnorm(x, mean=mean(x), sd=sd(x)), add=TRUE, col="red")

X <- rbeta(n, 2, 2) # a short tail density
X <- rbeta(n, 2, 20) # a right skewed density
X <- rbeta(n, 20, 2) # a left skewed density
long tail short tail
o
=t [}
= '
i ™ o —
] [ ]
L0
[}
o 1= =]
2 T 71 T 1 = T T T T 1
-4 2 ] 2 4 00O 02 04 06 08 10
i X
rcauchy(n, 0, 1) rbetain, 2, 2)
- <‘:,0
2w moom
= =l
5 ] & = _
S e S
o - 4] = _]
= = -
E 7 =
& - & 7
m =
T T T T T o
2 10 1 2 2010 1 2

Thearetical Cuantiles Thearetical Cluantiles

http://www.hmwu. 1dv.tw

Density

Sample Cuantiles

0o 01 02 03 04

e e e
I T T T I

right skewed

2o 0 2
Thearetical Cuantiles

Density

Sarnple Quantiles

01 234586

070 08B0 050 1.00

Normal

Symmetric, Non-Normal, Short-Tailed
Symmetric, Non-Normal, Long-Tailed
Symmetric and Bimodal

Bimodal Mixture of 2 Normals
Skewed (Non-Symmetric) Right
Skewed (Non-Symmetric) Left
Symmetric with Outlier

left skewed

1T 1T 1T 1T T T
0Bs 075 085 095

X

rbeta(n, 20, 2)

]

T T T T T
21 0 1 2
Theoretical Quantiles




5. JAA—
(EMA—

(XI'JX‘Z:'”':'

2. TEBEMAR AR HERE - Y ¥
do) = —35
) =21, 0@) =22, qn) = 22t
3 S nEARERER: (HREESE - BN+ 1E G6) = 221
1R - A KREABENERD RIS 1/2n, FER n-1 ; )
B8, RO RIBL/N) - P(Z < qu) = 32_
mn

4. ERUAE: 8 BERRIRECEE  yEl REERE © (dy), q4))

'$EE(q e

X,)

dy,de), -, dm)

) EERIRERREAR °

(1), q(
BRimIBE25% K E75%quantilestI E 4R) (46, 4




FRrR Graphics: Device 2 (ACTIVE)

> qgnorm(iris[,1])

=10l %]

> qqline(iris[,1]) Normal Q-Q Plot
> ggnorm(scale(iris[,1])) E:
> qqline(scale(iris[,1])) g8 -
> my.qqplot(iris[,1]) g ]
E &

my.qgplot <- function(x){
X.mean <- mean(x)
X.var <- var(x) Theoretical Quantiles

FRrR Graphics: Device 2 (ACTIVE)

Sample Quantiles

Normal Q-Q Plot

=1olx]

Theoretical Quantiles

n <- length(x)

z <- (X-x.mean)/sqrt(x.var)
z.mean <- mean(z)

z.var <- var(z)

z.sort <- sort(z)

k <- 1:n
p <- (k-0.5)/n
q <- gnorm(p)

plot(q, z.sort, xlim=c(-3, 3), ylim=c(-3, 3))
title("'QQ plot™)
lines(q, q, col=2)

http://www.hmwu. 1dv.tw

PR Graphics:

z.sort

Device 2 (ACTIVE)

QQ plot
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. B—EATHH TEE%JE’J!:E“*EIJTEEHWHZIUWJ\Z%nE’JF%EBﬁ%E’f%
K BRAANSIAR - ATOHEHE S REE MR EENE -

X1,X9,X3,--- be a set of n independent and identically distributed

random variables having finite values of mean p and variance o2 > 0.

Sp= X1+ + X,

S, —n =1
Zn = n—” — N([}_} ]_) as n — OO0 Data ix1 U2 33 x4 - xP
U\/ﬁ subjecto I-u.4a| 042 087 082 -0.18
subjectoz ¥ _oadl 058 108 121 -0.33
subjectos | 0o 025 017 018 044
B subjectod : 154 103 122 031 049
S bjectos 0 -1.19 -086 121 162 0.1
Xn — M E(X) = px = M ::b}:zws | D.D?I 012 031 016 -0.08
Zn —_ subjecto7 || 2.95 045 -040 -0E6 -0.38
2 subject0s || -1.27 -074 | 134 1.50 0.29
o/\/n . , o - 3 1u ,
Var(X) = o5 = — bt §osd 5o 013 08 0w
n subjectt1 & 050N -042 086 105 0.08
N — subject12 :-D.BEI 028 042 046 0.10
« E—MBMETER L - KEOHNEATHEERREEAKR whieots (ol bml ovrlaz] 10
/J\,}‘%3O(E)J//{J:HT_r X E/Jj:IEE;‘:E/\EBED prl]‘j/\\\ ‘;sl §j E o subjectts | 0794 -085 054 104 0.24
subjectts | 0.7y -052 026 020 048
subject!7 | 06y -055 041 045 -0.68
. EERBSEATE  RREAAN  EATH s 1 7od o ol ol Tow
1‘%73 EE’{B%%%’% EE ° [mean 007 -004 044 031 ess  -071

http://www.hmwu. 1dv.tw



SEEZASD - BEZEBEEKERLS0.T7  DIBERERRREZLE 7 BBHG

(X=1F"EB) X=0FrABEBE) - HERDES P(X=1)=0.7, P(X=0)=0.3

L HEBETHHEERY - e
2 BMAA0BEE - HE TTLEBAY, WTHUREERY - X~B( p) BN

5 HEEBAY> 126HHE -

u=EX)=p=07

o =Var(X)=p(l-p) =0.21

3.

http://shorturl.at/iLUV5

Xy, Xo, - -+, Xop:

X,; = 1 : success

X; =0 fail
Xoin =
210 210
g = pu=0.7
2
0% = ~— =0.001

http://www.hmwu. 1dv.tw

= P(Z > —3.16228

= 0.99922

P(X1+X2—|—"'—|—X210>126)

126
P(X > =
(X> o1

P(X > 0.6)

- 0.6 — 0.7)
v/0.001

)
D mact

P(Z




> z <- (1267210 -0.7)/sqrt(0.001) # #FHINZ>126 77/
> Z

[1] -3.162278
> 1 - pnorm(z)
[1] 0.9992173

B T BABABAKREEHIHER , ZalE
= N ZEAZ(n=210)
o X BIBEEZ AEL X~B(210, 0.7)

> pass.prob <- function(x, n, mu, sigma2, digit = m){
xbar <- x/n
z <- (Xbar-mu)/sqgrt(sigma2)
zvalue <- round(z, digit)
right.prob <- round(1-pnorm(z), digit)
list(zvalue = zvalue, prob = right.prob)

}

> pass.prob(126, 210, 0.7, 0.001, 4)
$zvalue
[1] -3.1623

$prob
[1] 0.9992
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https://students.brown.edu/seein

Home Chapters About Book English +

Seeing Theory

AvisUallintroduetion to probability and statistics.
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L SRR AR -

X ~D() X1, Xo o, Xy ~D() m=my

HEEATL -

N
n]]ls

_ 1
KXo = —(X1—|-X2—|-~--|-Xm0)
my

3. BELMAHFHBEREFR - SRR 90D

s BEBEBETS T EESBRESE -
s BB ENggplot -
o BRBEBRREAR(M,=1,5, 15, 30,.) K

| A&
=-|-§ o
Al 1+
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[l
U
=
<~

Xl,Xg,“‘ ~ U(5,80)

o1
XR:E(X1+X2+-~+XR) X,

EZN

umin <- 5

umax <- 80
n.sample <- 20
n.repeated <- 500

RandomSample <- matrix(0, n.sample, n.repeated)
for(i 1In 1:n.repeated){
rnumber <- runif(n.sample, umin, umax)
RandomSample[,1] <- as.matrix(rnumber)

by
dim(RandomSample)

http://www.hmwu. 1dv.tw



par(mfrow=c(2,2))
for(i 1n 1:4){
title <- paste(i,”-th sampling™, sep=""")
hist(RandomSample[,1], ylab="f(x)", xlab="random uniform', pro=T, main=title)

}

IR, R Graphics: Device 2 (ACTIVE) —|o|x|

1-th sampling 2-th sampling

X1, Xg, -+ ~ U(5,80)

0.020

1
Xp=—(Xi+Xo+---+X;) =

0.000 0.010 0020
fix
0.000 0.010

n
I 1 1 1 1 I 1 1 1 1
0 20 40 g0 a0 0 20 40 60 a0
random uniform random uniform
3-th sampling 4-th sampling
[an] [an]
i i
[an] [an]
o o

fix
0.000 0.010

f(
0.000 0.010

T T T T 1 T T T T 1
0 200 40 60 80 0 200 40 60 80

random uniform random uniform
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E =
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> hist(SampleMean,

> SampleMean <- apply(RandomSample, 2,

ylab="f(x)",

xlab=""sampl

mean)
ean', pro=T, main=""n=20")

Xl,Xg,“‘ ~ U(5,80)

X, =
n

R Graphics: Device 2

{ACTIVE}

Normal Q-Q Plot

Sample Quantiles

Theaoretical Cuantiles

0.04

)

1
—(Xi+Xo+---+ X))

dovice 2 (ACTIVE)

n=20

~\

myfun <- function(x){
mu <- (umin + umax)/2
s2 <- (umax - umin)”™2/12
z <- (mean(x) - mu)/sqgrt(s2/n)

40 45 50 55

sample mean

V4
}
=1olx]
Notation U(a,b) or unif(a, b)
Parameters —o<a<b<oo
Support z € [a,b]
1
PDF { 5 forz € la,b]
0 otherwise
CDF 0 forx <a
— forz € [a,b]
1 forz >b
1
Mean sla+b)
; 1
| Median s(a+b)
60 Mode any value in (a, b)
; 1
Variance (b — a)?

http://www.hmwu. 1dv.tw

https://en.wikipedia.org/wiki/Continuous uniform distribution

> qgnorm(SampleMean)
> qqgqline(SampleMean)




O

Fig

r %
E‘
()
-

CLT.unif <- function(umin, umax, n.sample, n.repeated){
RandomSample <- matrix(0, n.sample, n.repeated)

for(i 1In 1l:n.repeated){
rnumber <- runif(n.sample, umin, umax) myfun <- function(x){

RandomSample[,1] <- as.matrix(rnumber) mu <- (umin + umax)/2
s2 <- (umax - umin)”2/12

) z <- (mean(x) - mu)/sqrt(s2/n)
SampleMean <- apply(RandomSample, 2, mean) 3 ‘
par(mfrow=c(1,2))
title <- paste("'n="",n.sample, sep=""")
hist(SampleMean, breaks=30, ylab="f(x)", xlab="'sample mean", freq=F,

main=title)
gqgnorm(SampleMean)
qgline(SampleMean)

e | R Graphics: Device 2 (ACTIVE)

=10l %]

n=50 Normal Q-Q Plot CLT -un if(5 y 80 ’ 50 y 500)

BRABNREAR - R
/ Y1 70 Ao o] AR %U r E|3917FT PRXE
3|5 4|0 4|5 5‘0 32401 2 3 EEJ E/]I n\I:I FIHH °

sample mean Theoretical Quantiles

()

0.00 0.05 0.10 0.15
Sample Quantiles
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sample mean

Theoretical Quantiles

[~ R Graphics: Device 2 (ACTIVE) _ O] x|
n=1 Normal Q-Q Plot
2 T
w
o
= 2 |
= w
= g
= o g o]
o= o o ~r
[=}
E o |
g g o
3 o
P I \ T 1 1 1T T T T 1
20 40 60 80 3 -2 1 01 2 3
sample mean Theoretical Quantiles
CLT.unif(5, 80, 10, 500)
IR R Graphics: Device 2 (ACTIVE) _ o] x|
n=10 Normal Q-Q Plot
@ | 2 - T
o w
s -
a = Q-
1]
X @ ] Czﬁ [=]
TS g 7
i E 8-
o 9]
o ]
IS T T T \ 1T 1 T T T 1
20 30 40 50 60 32 14 01 2 3

umax, n.sample, n.repeated

CLT.unif(5, 80, 5, 500)

VE:- R Graphics: Device 2 (ACTIVE)

=lolx|
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n=5 Normal Q-Q Plot
3 W
s 2
c
]
£ o« &
£
[y]
o 7]
o ==
=) N I B B R
20 30 40 50 60 70 3 -2 -1 01 2 3
sample mean Theoretical Quantiles
CLT.unif(5, 80, 30, 500)
-lo/x]
n=30 Normal Q-Q Plot
o™
— L
S o © :
=2 o |
S g 7
— o 3 |
= g =
= = [
3 g -
o ﬁ g_
o [+)
o \ T T T 1 T T T T T 1
35 40 45 50 55 3 -2 -1 01 2 3

sample mean

Theoretical Quantiles




—HWRBHEERTFENEURTE - RET ZEREL - <
MAERELROEERSD ?
s Fl P EEREE

n B—EZFEXZEERZ049  SBEMEERZ051 -
BEZFIMRIZEHEIIAT -

s F25: DEBEHRET -
s FmEERFER —EZ MR 00,01, 02, ..., 48 = ¥#;49, 50,51, ..,99 = B#
n B3 EREZFRE
n RASFEN—H—HNHEF  BIEHXRER /XRE 2B =EZF -

6905 16 48 17 8717 40 9517 845340 648987 20

DL L K &K Bk 4 Bk BHELZ BEE &
R e TRIIT S S T -+

s 10REEP  AIREU#% - BRIV ZAOERAEETZ9/10=09 -

s MRERBRA PR - AEESESAYLZVELEHERZ0.867 - (FMRVE
MERMHEERE 7 - RIFEHREERRAY - B IIRINES — @Y
58 )
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girl._born <- function(n, show.id = F){
girl_.count <- 0
for (i in 1:n) {
if (show.id) cat(i,”: ™)
child.count <- 0
repeat {
rn <- sample(0:99, 1, replace=T)
ifT (show.id) cat(pasteO(C'(’", rn, "))
is.girl <- ifelse(rn <= 48, TRUE, FALSE)
child.count <- child.count + 1
if (is.girh){
girl_count <- girl._count + 1
if (show.id) cat("Z+")
break
} else 1t (child.count == 3) {
if (show.id) cat("E™)
break
} else{

if (show.id) cat("&E™)
¥
¥

if (show.id) cat("\n")
}

p <- girl.count / n
p

irl.p <- 0.49 + 0.51*0.49 + 0.5172*0.49
rl.p
0.867349

H(.Q(.Q
-

1

glrl born(n=10, show.id = T)
: (7)HE@A8) L+
 (23) %4+
2 BAFETHFEGHH
: (95)E 04+
: (63)FE@6)4+
: (48)Z4+
> (6NDBEGLEM)L
> (THBODHFE 254+
: (ADZLH+
0 : (BLEMLDZL+
[1] 0.9
> girl_born(n=10000)
[1] 0.8674

POO~NOUMWNEL YV VMV V
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