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Overview
1. Consider cases in which the data are categorical by using a test statistic based

on the chi-square ( χ2 ) distribution.

2. In cases in which data are not naturally categorical, we define categories and
consider the observation count in each category. These chi-square tests are
versatile and expand hypothesis testing with the following applications.

(a) Testing the equality of population proportions for three or more populations.
(Chi-Square Test of Homogeneity )

(b) Testing the independence of two categorical variables. (Chi-square Test of Independence )

(c) Testing whether a probability distribution for a population follows a specific
historical or theoretical probability distribution. (Chi-Square Goodness of Fit Test )
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12.1 Testing the Equality of Population Proportions
for Three or More Populations

1. In this section, we show how the chi-square (χ2) test statistic can be used to make
statistical inferences about the equality of population proportions for three or
more populations.

2. Using the notation

pi = population proportion for population i, i = 1, 2, 3, · · · , k.

the hypotheses for the equality of population proportions for k ≥ 3 populations are
as follows:

H0 : p1 = p2 = · · · = pk , Ha : Not all population proportions are equal

(a) If the sample data and the chi-square test computations indicate H0 can-
not be rejected, we cannot detect a difference among the k population propor-
tions.

(b) However, if the sample data and the chi-square test computations indicate H0

can be rejected, we have the statistical evidence to conclude that not all k
population proportions are equal; that is, one or more population proportions
differ from the other population proportions.

(c) Further analyses can be done to conclude which population proportion
or proportions are significantly different from others.

3.
�� ��Example Organizations such as J.D. Power and Associates use the proportion of
owners likely to repurchase a particular automobile as an indication of customer
loyalty for the automobile. An automobile with a greater proportion of owners
likely to repurchase is concluded to have greater customer loyalty.

(a) Suppose that in a particular study we want to compare the customer loyalty for
three automobiles: Chevrolet Impala, Ford Fusion, and Honda Accord. The
current owners of each of the three automobiles form the three populations for
the study. The three population proportions of interest are as follows:
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p1 = proportion likely to repurchase an Impala for the population of
Chevrolet Impala owners.

p2 = proportion likely to repurchase a Fusion for the population of Ford
Fusion owners.

p3 = proportion likely to repurchase an Accord for the population of Honda
Accord owners.

(b) The hypotheses are stated as follows:

H0 : p1 = p2 = p3 , Ha : Not all population proportions are equal

(c) To conduct this hypothesis test we begin by taking a sample of owners from
each of the three populations. Thus we will have a sample of Chevrolet Impala
owners, a sample of Ford Fusion owners, and a sample of Honda Accord owners.

(d) Each sample provides categorical data indicating whether the respon-
dents are likely or not likely to repurchase the automobile.

(e) (Table 12.1) The data for samples of 125 Chevrolet Impala owners, 200 Ford
Fusion owners, and 175 Honda Accord owners are summarized in Table 12.1.

(f) This table has two rows for the responses Yes and No and three columns,
one corresponding to each of the populations. The observed frequencies are
summarized in the six cells of the table corresponding to each combination of
the likely to repurchase responses and the three populations.

(g) The data in Table 12.1 are the observed frequencies for each of the six cells
that represent the six combinations of the likely to repurchase response
and the owner population.
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(h) If we can determine the expected frequencies under the assumption H0 is true,
we can use the chi-square test statistic to determine whether there is a signif-
icant difference between the observed and expected frequencies .

(i) If a significant difference exists between the observed and expected fre-
quencies, the hypothesis H0 can be rejected and there is evidence that
not all the population proportions are equal.

4. Expected frequencies for the six cells of the table are based on the following rationale.

(a) First, we assume that the null hypothesis of equal population proportions
is true.

(b) Then we note that in the entire sample of 500 owners, a total of 312 owners
indicated that they were likely to repurchase their current automobile. Thus,

312/500 = 0.624 is the overall sample proportion of owners indicating
they are likely to repurchase their current automobile.

(c) If H0 : p1 = p2 = p3 is true, 0.624 would be the best estimate of the
proportion responding likely to repurchase for each of the automobile owner
populations.

(d) So if the assumption of H0 is true, we would expect 0.624 of the 125 Chevro-
let Impala owners, or 0.624(125) = 78 owners to indicate they are likely
to repurchase the Impala. Using the 0.624 overall sample proportion, we
would expect 0.624(200) = 124.8 of the 200 Ford Fusion owners and

0.624(175) = 109.2 of the Honda Accord owners to respond that they
are likely to repurchase their respective model of automobile.

5. Let us generalize the approach to computing expected frequencies by letting eij

denote the expected frequency for the cell in row i and column j of the
table.

6. Note that 312 is the total number of Yes responses (row 1 total), 125 is the total
sample size for Chevrolet Impala owners (column 1 total), and 500 is the total
sample size. We can show

e11 =

(
Row 1 Total

Total Sample Size

)
(Column 1 Total) =

(
312

500

)
(125) = 0.624× 125 = 78 .
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7. Expected Frequencies under the Assumption H0 is True

eij =
(Row i Total)(Column j Total)

Total Sample Size
(12.1)

8. (Table 12.2) Use equation (12.1) to verify the other expected frequencies:

9. Chi-Square Test Statistic

χ2 =
∑
i

∑
j

(fij − eij)
2

eij
(12.2)

where

fij = observed frequency for the cell in row i and column j.

eij = expected frequency for the cell in row i and column j.

under the assumption H0 is true.

10. In a chi-square test involving the equality of k population proportions, the above test
statistic has a chi-square distribution with k–1 degrees of freedom ( χ2 ∼ χ2

(k−1)
)

provided the expected frequency is 5 or more for each cell.

11. (補充說明) Why the test statistic for the chi-square test of homogeneity has a
chi-square distribution? See

(a) The Multinomial Distribution and the Chi-Squared Test for Goodness of Fit:
https://www.stat.berkeley.edu/~stark/SticiGui/Text/chiSquare.htm,

(b) 17.1 - Test For Homogeneity:
https://online.stat.psu.edu/stat415/lesson/17/17.1

12. (Table 12.3) Computation of the chi-square test statistic:
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13. (Table 12.4) In order to understand whether or not the value of the test statistic
χ2 = 7.89 leads us to reject H0 : p1 = p2 = p3, you will need to understand

and refer to values of the chi-square distribution:

(a) Since the expected frequencies shown in Table 12.2 are based on the assumption
that H0 : p1 = p2 = p3 is true, observed frequencies, fij, that are in agree-
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ment with expected frequencies, eij, provide small values of (fij − eij)
2

in equation (12.2). If this is the case, the value of the chi-square test statistic
will be relatively small and H0 cannot be rejected .

(b) On the other hand, if the differences between the observed and expected fre-
quencies are large, values of (fij−eij)

2 and the computed value of the test
statistic will be large . In this case, the null hypothesis of equal popula-
tion proportions can be rejected .

(c) Thus a chi-square test for equal population proportions will always be an
upper tail test with rejection of H0 occurring when the test statistic is in

the upper tail of the chi-square distribution. (Reject H0 if χ2 ≥ χ2
α,k−1

)

(d) We can use the upper tail area of the appropriate chi-square distribution and
the p-value approach to determine whether the null hypothesis can be
rejected.

14.
�� ��Example In the automobile brand loyalty study, the three owner populations indi-
cate that the appropriate chi-square distribution has k−1 = 3−1 = 2 degrees
of freedom.

chi-square distribution table
Area in Upper Tail 0.10 0.05 0.025 0.01 0.005
χ2 Value (2 df) 4.605 5.991 7.378 9.210 10.597

(a) (The p-value approach) We see the upper tail area at χ2 = 7.89 is be-
tween 0.025 and 0.01 . Thus, the corresponding upper tail area or

p-value must be between 0.025 and 0.01 . (Software: p-value
= 0.0193)

(b) With p-value ≤ 0.05 , we reject H0 and conclude that the three population
proportions are not all equal and thus there is a difference in brand loyalties
among the Chevrolet Impala, Ford Fusion, and Honda Accord owners.

(c) (The critical value approach) With α = 0.05 and 2 degrees of freedom, the
critical value for the chi-square test statistic is χ2

0.05,2 = 5.991. The upper tail
rejection region becomes

Reject H0 if χ2 ≥ 5.991
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With 7.89 ≥ 5.991, we reject H0.

(d) Thus, the p-value approach and the critical value approach provide the same
hypothesis-testing conclusion.

15. A Chi-Square Test for the Equality of Population Proportions for k ≥ 3

Populations

(1) State the null and alternative hypotheses

H0 : p1 = p2 = · · · = pk , Ha : Not all population proportions are equal

(2) Set the level of significance α . Select a random sample from each of the
populations and record the observed frequencies, fij , in a table with 2 rows
and k columns. Assume the null hypothesis is true and compute the expected
frequencies, eij .

(3) If eij ≥ 5, ∀i, j , compute the test statistic:

χ2 =
∑
i

∑
j

(fij − eij)
2

eij

(4) Rejection rule (Desicion rule):

i. p-value approach: Reject H0 if p-value ≤ α .
ii. Critical value approach: Reject H0 if χ2 ≥ χ2

α,k−1
.

(5) Make decision.

(6) Draw conclusion with respect to the problem.

A Multiple Comparison Procedure

1. Since the chi-square test indicated that not all population proportions are equal, it
is reasonable for us to proceed by attempting to determine where differences
among the population proportions exist.

2. Begin by computing the three sample proportions as follows:

Brand Loyalty Sample Proportions
Chevrolet Impala p1 = 69/125 = 0.5520

Ford Fusion p2 = 120/200 = 0.6000

Honda Accord p3 = 123/175 = 0.7029
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3. For this we will rely on a multiple comparison procedure that can be used to
conduct statistical tests between all pairs of population proportions. In the follow-
ing, we discuss a multiple comparison procedure known as the Marascuilo procedure .

4. We begin by computing the absolute value of the pairwise difference between
sample proportions for each pair of populations in the study:

• Chevrolet Impala and Ford Fusion:
|p̄1 − p̄2| = |0.5520− 0.6000| = 0.0480

• Chevrolet Impala and Honda Accord:
|p̄1 − p̄3| = |0.5520− 0.7029| = 0.1509

• Ford Fusion and Honda Accord:
|p̄2 − p̄3| = |0.6000− 0.7029| = 0.1029

5. In a second step, we select a level of significance and compute the correspond-
ing critical value for each pairwise comparison using the following expression.

6. Critical Values for the Marascuilo Pairwise Comparison Procedure for K

Population Proportions:
For each pairwise comparison compute a critical value as follows:

CVij =
√

χ2
α

√
p̄i(1− p̄i)

ni

+
p̄j(1− p̄j)

nj

(12.3)

where

χ2
α = chi-square with a level of significance a and k–1 degrees of freedom

p̄i and p̄j = sample proportions for populations i and j

ni and nj = sample sizes for populations i and j

7. Using the chi-square distribution in Table 12.4, k−1 = 3−1 = 2 degrees of freedom,
and a 0.05 level of significance, we have χ2

0.05,2 = 5.991. Now using the sample
proportions p̄1 = 0.5520, p̄2 = 0.6000, and p̄3 = 0.7029, the critical values for the
three pairwise comparison tests are as follows:

(a) Chevrolet Impala and Ford Fusion

CV12 =
√
5.991

√
0.5520(1− 0.5520)

125
+

0.6000(1− 0.6000)

200
= 0.1380
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(b) Chevrolet Impala and Honda Accord

CV13 =
√
5.991

√
0.5520(1− 0.5520)

125
+

0.7029(1− 0.7029)

175
= 0.1379

(c) Ford Fusion and Honda Accord

CV23 =
√
5.991

√
0.6000(1− 0.6000)

200
+

0.7029(1− 0.7029)

175
= 0.1198

8. If the absolute value of any pairwise sample proportion difference |p̄i − p̄j| ex-
ceeds its corresponding critical value, CVij , the pairwise difference is significant
at the 0.05 level of significance and we can conclude that the two corresponding pop-
ulation proportions are different.

9. (Table 12.5) pairwise comparison procedure:

10. The conclusion from the pairwise comparison procedure is that the only signifi-
cant difference in customer loyalty occurs between the Chevrolet Impala and the
Honda Accord. Our sample results indicate that the Honda Accord had a greater
population proportion of owners who say they are likely to repurchase the Honda
Accord. Thus, we can conclude that the Honda Accord ( p̄3 = 0.7029) has a greater
customer loyalty than the Chevrolet Impala ( p̄1 = 0.5520). The results of the study
are inconclusive as to the comparative loyalty of the Ford Fusion.

11. While the Ford Fusion did not show significantly different results when compared
to the Chevrolet Impala or Honda Accord, a larger sample may have revealed a
significant difference between Ford Fusion and the other two automobiles in terms
of customer loyalty.
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12. It is not uncommon for a multiple comparison procedure to show significance for
some pairwise comparisons and yet not show significance for other pairwise com-
parisons in the study.

13. (補充說明) Why if |p̄i − p̄j| ≥ CVij, the pairwise difference is significant?

• If X1 ∼ B(n1, p1), we have E(X1) = n1p1 and V ar(X1) = n1p1(1− p1).

• X1

n1

= p̄1 = p̂1.

• E(
X1

n1

) =

• V ar(
X1

n1

) =

• CLT:

• Similarly for X2 ∼ B(n2, p2).

• E(p̄1 − p̄2) =

• V ar(p̄1 − p̄2) =

• Under H0 : p1 = p2, test statistic: p̄1 − p̄2

�� ��😍 EXERCISES 12.1: 1, 2, 3, 7
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12.2 Test of Independence
1. An important application of a chi-square test involves using sample data to test

for the independence of two categorical variables. For this test we take
one sample from a population and record the observations for two categorical

variables.

2. We will summarize the data by counting the number of responses for each combi-
nation of a category for variable 1 and a category for variable 2.

3. The null hypothesis for this test is that the two categorical variables are independent.
Thus, the test is referred to as a test of independence .

4.
�� ��Example A beer industry association conducts a survey to determine the prefer-
ences of beer drinkers for light, regular, and dark beers.

(a) A sample of 200 beer drinkers is taken with each person in the sample asked to
indicate a preference for one of the three types of beers: light, regular, or dark.
At the end of the survey questionnaire, the respondent is asked to provide
information on a variety of demographics including gender: male or female.

(b) A research question of interest to the association is whether preference for the
three types of beer is independent of the gender of the beer drinker.

(c) If the two categorical variables, beer preference and gender, are independent,
beer preference does not depend on gender and the preference for light, regular,
and dark beer can be expected to be the same for male and female beer drinkers.

(d) However, if the test conclusion is that the two categorical variables are not
independent, we have evidence that beer preference is associated or dependent
upon the gender of the beer drinker.

(e) As a result, we can expect beer preferences to differ for male and female beer
drinkers. In this case, a beer manufacturer could use this information to cus-
tomize its promotions and advertising for the different target markets of male
and female beer drinkers.

5. The hypotheses for this test of independence are as follows:

H0 : Beer preference is independent of gender
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Ha : Beer preference is not independent of gender

6. (Table 12.6) Since an objective of the study is to determine if there is difference be-
tween the beer preferences for male and female beer drinkers, we consider gender an

explanatory variable and follow the usual practice of making the explanatory
variable the column variable in the data tabulation table. The beer preference
is the categorical response variable and is shown as the row variable. The
sample results of the 200 beer drinkers in the study are summarized in Table 12.6.

7. For the categorical variable gender, we see 132 of the 200 in the sample were male.
This gives us the estimate that 132/200 = 0.66, or 66% , of the beer drinker
population is male. Similarly we estimate that 68/200 = 0.34, or 34% , of the
beer drinker population is female. Thus male beer drinkers appear to outnumber
female beer drinkers approximately 2 to 1.

8. Sample proportions or percentages for the three types of beer are

(a) Prefer Light Beer 90/200 = 0.450, or 45.0%

(b) Prefer Regular Beer 77/200 = 0.385, or 38.5%

(c) Prefer Dark Beer 33/200 = 0.165, or 16.5%

9. Across all beer drinkers in the sample, light beer is preferred most often and dark
beer is preferred least often.

10. The computations and formulas used to determine if beer preference and gender
are independent are the same as those used for the chi-square test in Section 12.1.
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Under the assumption that the beer preferences and gender are independent. Thus
the expected frequency for row i and column j is given by

eij =
(Row i Total)(Column j Total)

Sample Size (12.4)

11. (Table 12.7) expected frequencies

12. The chi-square test statistic.

χ2 =
∑
i

∑
j

(fij − eij)
2

eij
(12.5)

13. With r rows and c columns in the table, the chi-square distribution will have
(r–1)(c–1) degrees of freedom provided the expected frequency is at least 5

for each cell.

14. (Table 12.8)
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15. The upper tail area of the chi-square distribution with 2 degrees of freedom:

Area in Upper Tail 0.10 0.05 0.025 0.01 0.005
χ2 Value (2 df) 4.605 5.991 7.378 9.210 10.597

16. Thus, we see the upper tail area at χ2 = 6.45 is between 0.05 and 0.025 ,
and so the corresponding upper tail area or p-value must be between 0.05 and
0.025. With p-value ≤ .05 , we reject H0 and conclude that beer preference is
not independent of the gender of the beer drinker. (Software: p-value = .0398)

17. With α = 0.05 and 2 degrees of freedom, the critical value for the chi-square test
statistic is χ2

0.05,2 = 5.991. The upper tail rejection region becomes

Reject H0 if χ2 ≥ χ2
0.05,2 = 5.991

With 6.45 ≥ 5.991, we reject H0.

18. While we now have evidence that beer preference and gender are not independent,
we will need to gain additional insight from the data to assess the nature of the

association between these two variables. One way to do this is to compute the
probability of the beer preference responses for males and females separately.

Beer Preference Male Female
Light 51/132 = 0.3864, or 38.64% 39/68 = 0.5735, or 57.35%

Regular 56/132 = 0.4242, or 42.42% 21/68 = 0.3088, or 30.88%
Dark 25/132 = 0.1894, or 18.94% 8/68 = .1176, or 11.76%

19. What observations can you make about the association between beer preference and
gender in the sample?

(a) For female beer drinkers, the highest preference is for light beer at 57.35%.

(b) For male beer drinkers, regular beer is most frequently preferred at 42.42%.

(c) While female beer drinkers have a higher preference for light beer than males,
male beer drinkers have a higher preference for both regular beer and dark
beer.

(d) (Figure 12.1) Data visualization through bar charts is helpful in gaining insight
as to how two categorical variables are associated.
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20. Chi-Square Test for Independence of Two Categorical Variables

(1) State the null and alternative hypotheses.

H0 : The two categorical variables are independent,
Ha : The two categorical variables are not independent

(2) Set a level of significance α. Select a random sample from the population and
collect data for both variables for every element in the sample. Record the
observed frequencies, fij, in a table with r rows and c columns. The expected
frequencies must all be 5 or more for the chi-square test to be valid. Assume
the null hypothesis is true and compute the expected frequencies, eij

(3) If the expected frequency, eij, is 5 or more for each cell, compute the test
statistic:

χ2 =
∑
i

∑
j

(fij − eij)
2

eij

(4) Rejection rule:

i. p-value approach: Reject H0 if p-value ≤ α.
ii. Critical value approach: Reject H0 if χ2 ≥ χ2

α,(r–1)(c–1).

(5) Draw decision and conclusion.

21. Finally, if the null hypothesis of independence is rejected, summarizing the proba-
bilities as shown in the above example will help the analyst determine where the

association or dependence exists for the two categorical variables.

�� ��😍 EXERCISES 12.2: 10, 11, 14, 17
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12.3 Goodness of Fit Test
1. In this section we use a chi-square test (goodness of fit tests) to determine whether

a population being sampled has a specific probability distribution .

(a) We first consider a population with a historical multinomial probability
distribution and use a goodness of fit test to determine if new sample
data indicate there has been a change in the population distribution compared
to the historical distribution.

(b) We then consider a situation where an assumption is made that a population
has a normal probability distribution and use a goodness of fit test to
determine if sample data indicate that the assumption of a normal probability
distribution is or is not appropriate.

Multinomial Probability Distribution

1. With a multinomial probability distribution, each element of a population is as-
signed to one and only one of three or more categories .

2. Wikipedia: Multinomial distribution:
https://en.wikipedia.org/wiki/Multinomial_distribution

3.
�� ��Example Consider the market share study being conducted by Scott Marketing
Research.

(a) Over the past year, market shares for a certain product have stabilized at
30% for company A, 50% for company B, and 20% for company C. Since
each customer is classified as buying from one of these companies, we have a
multinomial probability distribution with three possible outcomes.

(b) The probability for each of the three outcomes is:

i. pA = probability a customer purchases the company A product
ii. pB = probability a customer purchases the company B product
iii. pC = probability a customer purchases the company C product

(c) Using the historical market shares, we have multinomial probability distribu-
tion with pA = 0.30, pB = 0.50, and pC = 0.20.
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(d) Company C plans to introduce a ”new and improved” product to replace its
current entry in the market. Company C has retained Scott Marketing Re-
search to determine whether the new product will alter or change the market
shares for the three companies.

(e) Specifically, the Scott Marketing Research study will introduce a sample of
customers to the new company C product and then ask the customers to
indicate a preference for the company A product, the company B product, or
the new company C product.

4. The hypothesis test to determine if the new company C product is likely to change
the historical market shares for the three companies.

H0 : pA = 0.30, pB = 0.50, and pC = 0.20

Ha : The population proportions are not pA = 0.30, pB = 0.50, and pC = 0.20

5. The null hypothesis is based on the historical multinomial probability distribution
for the market shares. If sample results lead to the rejection of H0, Scott Marketing
Research will have evidence to conclude that the introduction of the new company
C product will change the market shares.

6. Let us assume that the market research firm has used a consumer panel of 200
customers. Each customer was asked to specify a purchase preference among the
three alternatives: company A’s product, company B’s product, and company C’s
new product. The 200 responses are summarized:

Observed Frequency
Company A’s Product Company B’s Product Company C’s New Product

48 98 54

7. Perform a goodness of fit test that will determine whether the sample of 200 cus-
tomer purchase preferences is consistent with the null hypothesis.

8. Like other chi-square tests, the goodness of fit test is based on a comparison of
observed frequencies with the expected frequencies under the assumption that the
null hypothesis is true.
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9. The expected frequency for each category is found by multiplying the sample size
of 200 by the hypothesized proportion for the category:

Expected Frequency
Company A’s Product Company B’s Product Company C’s New Product

200(0.30) = 60 200(0.50) = 100 200(0.20) = 40

10. Test Statistic for Goodness of Fit

χ2 =
k∑

i=1

(fi − ei)
2

ei
(12.6)

where

(a) fi = observed frequency for category i

(b) ei = expected frequency for category i

(c) k = the number of categories

Note: The test statistic has a chi-square distribution with k−1 degrees of freedom
provided that the expected frequencies are 5 or more for all categories.

11. The test for goodness of fit is always a one-tailed test with the rejection occurring
in the upper tail of the chi-square distribution:

Reject H0 if χ2 ≥ χ2
α,k−1

12.
�� ��Example (Table 12.9) Let us continue with the Scott Marketing Research example
and use the sample data to test the hypothesis that the multinomial population has
the market share proportions pA = 0.30, pB = 0.50, and pC = 0.20. We will use
an α = 0.05 level of significance. We proceed by using the observed and expected
frequencies to compute the value of the test statistic.
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13. With the expected frequencies all 5 or more, the chi-square test statistic is χ2 = 7.34 .
We will reject the null hypothesis if the differences between the observed and ex-
pected frequencies are large.

14. The test statistic χ2 = 7.34 is between 5.991 and 7.378. Thus, the corresponding up-
per tail area or p-value must be between 0.05 and 0.025 . With p-value ≤ 0.05 ,
we reject H0 and conclude that the introduction of the new product by company C

will alter the historical market shares. (Software: p-value = 0.0255)

Area in Upper Tail 0.10 .05 0.025 0.01 0.005
χ2 Value (2 df) 4.605 5.991 7.378 9.210 10.597

15. The critical value approach: with α = 0.05 and 2 degrees of freedom, the critical
value for the test statistic is χ2

0.05 = 5.991. The upper tail rejection rule becomes
Reject H0 if χ2 ≥ χ2

0.05,2 = 5.991 . With 7.34 > 5.991, we reject H0.

16. Now that we have concluded the introduction of a new company C product will
alter the market shares for the three companies, we are interested in knowing more
about how the market shares are likely to change.

17. Using the historical market shares and the sample data, we summarize the data as
follows:

Company Historical Market Share (%) Sample Data Market Share (%)
A 30 48/200 = 0.24, or 24
B 50 98/200 = 0.49, or 49
C 20 54/200 = 0.27, or 27
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18. (Figure 12.2) This data visualization process shows that the new product will likely
increase the market share for company C. Comparisons for the other two companies
indicate that company C’s gain in market share will hurt company A more than
company B.

19. Multinomial Probability Distribution Goodness of Fit Test

(1) State the null and alternative hypotheses.

i. H0: The population follows a multinomial probability distribution
with specified probabilities for each of the k categories

ii. Ha: The population does not follow a multinomial distribution with the
specified probabilities for each of the k categories

(2) Set a level of significance α and select a random sample and record the observed
frequencies fi for each category. Assume the null hypothesis is true and de-
termine the expected frequency ei in each category by multiplying the
category probability by the sample size.

(3) If the expected frequency ei is at least 5 for each category, compute the value
of the test statistic.

χ2 =
k∑

i=1

(fi − ei)
2

ei

(4) Rejection rule:
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i. p-value approach: Reject H0 if p-value ≤ α

ii. Critical value approach: Reject H0 if χ2 ≥ χ2
α,k−1.

(5) Draw decision and conclusion.

Normal Probability distribution

1. The goodness of fit test for a normal probability distribution is also based on
the use of the chi-square distribution.

2. In particular, observed frequencies for several categories of sample data are com-
pared to expected frequencies under the assumption that the population has
a normal probability distribution.

3. Because the normal probability distribution is continuous , we must modify the
way the categories are defined and how the expected frequencies are computed.

4.
�� ��Example (Table 12.10) Job applicant test data for Chemline, Inc.

(a) Chemline hires approximately 400 new employees annually for its four plants
located throughout the United States. The personnel director asks whether a
normal distribution applies for the population of test scores.

(b) If such a distribution can be used, the distribution would be helpful in evalu-
ating specific test scores; that is, scores in the upper 20%, lower 40%, and so
on, could be identified quickly.
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(c) Hence, we want to test the null hypothesis that the population of test scores
has a normal distribution.

5. Calculations:

x̄ =

∑
xi

n
=

3421

50
= 68.42

s =

√∑
(xi − x̄)2

n− 1
=

√
5310.0369

49
= 10.41

6. Hypotheses about the distribution of the job applicant test scores:

(a) H0: The population of test scores has a normal distribution with mean 68.42
and standard deviation 10.41

(b) Ha: The population of test scores does not have a normal distribution with
mean 68.42 and standard deviation 10.41

7. (Figure 12.3) The hypothesized normal distribution:

8. (Figure 12.4) Define the categories of test scores such that the expected frequen-
cies will be at least five for each category. With a sample size of 50, one
way of establishing categories is to divide the normal probability distribution into

10 equal-probability intervals
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9. With a sample size of 50, we would expect five outcomes in each interval or
category, and the rule of thumb for expected frequencies would be satisfied. Let us
look more closely at the procedure for calculating the category boundaries.

(a) With a continuous probability distribution, establish intervals such that each
interval has an expected frequency of five or more .

(b) First consider the test score cutting off the lowest 10% of the test scores.
From the table for the standard normal distribution we find that the z value for
this test score is −1.28 . Therefore, the test score of x = 68.42−1.28(10.41) = 55.10

provides this cutoff value for the lowest 10% of the scores.

(c) For the lowest 20%, we find z = −0.84 , and thus x = 68.42−0.84(10.41) = 59.68 .

(d) Working through the normal distribution in that way provides the following
test score values:
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10. (Table 12.11) With the categories or intervals of test scores now defined and with
the known expected frequency of five per category, we can return to the sample data
of Table 12.10 and determine the observed frequencies for the categories. Doing so
provides the results in Table 12.11.

11. (Table 12.12) The value of the test statistic is χ2 = 7.2.
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12. Using the rule for computing the number of degrees of freedom for the goodness of
fit test, we have k−p−1 = 10−2−1 = 7 degrees of freedom based on k = 10

categories and p = 2 parameters (mean and standard deviation) estimated from the
sample data.

13. Suppose that we test the null hypothesis that the distribution for the test scores is
a normal distribution with a 0.10 level of significance.

14. To test this hypothesis, we need to determine the p-value for the test statistic
χ2 = 7.2 by finding the area in the upper tail of a chi-square distribution with 7
degrees of freedom. (Table 12.4) we find that χ2 = 7.2 provides an area in the
upper tail greater than 0.10. Thus, we know that the p-value is greater than 0.10.
(Software: p-value = 0.4084).

15. With p-value > 0.10 , the hypothesis that the probability distribution for the
Chemline job applicant test scores is a normal probability distribution cannot be
rejected.

16. Normal Probability Distribution Goodness of Fit Test

(1) State the null and alternative hypotheses.
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H0: The population has a normal probability distribution.

Ha: The population does not have a normal probability distribution.

(2) Set a level of significance and select a random sample and

(a) Compute the sample mean and sample standard deviation.

(b) Define k intervals of values so that the expected frequency is at least five
for each interval. Using equal probability intervals is a good approach.

(c) Record the observed frequency of data values fi in each interval de-
fined.

(3) Compute the expected number of occurrences ei for each interval of values. Mul-
tiply the sample size by the probability of a normal random variable
being in the interval.

(4) Compute the value of the test statistic.

χ2 =
k∑

i=1

(fi − ei)
2

ei

(5) Rejection rule:

i. p-value approach: Reject H0 if p-value ≤ α

ii. Critical value approach: Reject H0 if χ2 ≥ χ2
α,k−p−1

where p is the number of parameters of the distribution estimated by the
sample.

(6) Draw decision and conclusion.

�� ��😍 EXERCISES 12.3: 19, 23, 25

�� ��😍 SUPPLEMENTARY EXERCISES: 29, 32, 33, 36
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