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Overview
1. Some specialized topics that are unique to multiple regression: (1) extra sums of

squares, (2) the standardized version of the multiple regression model, and (3)
multicollinearity.

7.1 Extra Sums of Squares

Basic Ideas

1. An extra sum of squares measures the marginal reduction in the error
sum of squares when one or several predictor variables are added to the re-

gression model, given that other predictor variables are already in the model.

2. Equivalently, one can view an extra sum of squares as measuring the marginal
increase in the regression sum of squares when one or several predictor

variables are added to the regression model.

3.
�� ��Example (Table 7.1) A portion of the data for a study of the relation of amount
of body fat (Y ) to several possible predictor variables, based on a sample of 20
healthy females 25 − 34 years old. The possible predictor variables are triceps
skinfold thickness (X1)(三頭肌皮下脂肪厚度), thigh circumference (X2)(大腿圍),
and midarm circumference (X3) (中臂圍).
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4. Background and goal: The amount of body fat in Table 7.1 for each of the 20 persons
was obtained by a cumbersome and expensive procedure requiring the immersion
of the person in water. It would therefore be very helpful if a regression model
with some or all of these predictor variables could provide reliable estimates of the
amount of body fat since the measurements needed for the predictor variables are
easy to obtain.

5. (Table 7.2) Conduct four regression results when body fat (Y ) is regressed on triceps
skinfold thickness (X1) alone, (2) on thigh circumference (X2) alone, (3) on X1, and
X2 only, and (4) on all three predictor variables. The total sum of squares is

SSTO = 495.39 .

(a) (Table 7.2a) The regression sum of squares when X1, only is in the model is,
SSR(X1) = 352.27 . The error sum of squares for this model is SSE(X1) = 143.12 .
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(b) (Table 7.2c) When X1 and X2 are in the regression model, the regression
sum of squares is SSR(X1, X2) = 385.44 and the error sum of squares is

SSE(X1, X2) = 109.95 .

(c) Notice that the error sum of squares when X1 and X2 are in the model,
SSE(X1, X2) = 109.95 , is smaller than when the model contains only

X1, SSE(X1) = 143.12 .

(d) The difference is called an extra sum of squares and will be denoted by
SSR(X2|X1) :

SSR(X2|X1) = SSR(X1, X2)− SSR(X1)

= 385.44− 352.27 = 33.17

= (SSTO − SSE(X1, X2))− (SSTO − SSE(X1))

= SSE(X1)− SSE(X1, X2)

= 143.12− 109.95 = 33.17

This reduction in the error sum of squares is the result of adding X2

to the regression model when X1 , is already included in the model.
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(e) Thus, the extra sum of squares SSR(X2|X1) measures the marginal effect
(additional or extra reduction) of adding X2 to the regression model when X1,
is already in the model.

(f) The reason for the equivalence of the marginal reduction in the error sum
of squares and the marginal increase in the regression sum of squares is
the basic analysis of variance identity:

SSTO = SSR + SSE

Since SSTO measures the variability of the Yi observations and hence
does not depend on the regression model fitted, any reduction in SSE implies
an identical increase in SSR.

6. (Tables 7.2c, 7.2d) We can consider other extra sums of squares, such as the marginal
effect of adding X3 to the regression model when X1, and X2 are already in the
model.

SSR(X3|X1, X2) = SSE(X1, X2)− SSE(X1, X2, X3) = 109.95−98.41 = 11.54

or, equivalently:

SSR(X3|X1, X2) = SSR(X1, X2, X3)− SSR(X1, X2) = 396.98−385.44 = 11.54.

7. (table 7.2a, 7.2d) We can even consider the marginal effect of adding several vari-
ables, such as adding both X2 and X3 to the regression model already containing
X1.

SSR(X2, X3|X1) = SSE(X1)− SSE(X1, X2, X3) = 143.12−98.41 = 44.71

or, equivalently:

SSR(X2, X3|X1) = SSR(X1, X2, X3)− SSR(X1) = 396.98−352.27 = 44.71

Definitions

1. An extra sum of squares always involves the difference between the error sum
of squares for the regression model containing the X variable(s) already in the

model and the error sum of squares for the regression model containing both the
original X variable(s) and the new X variable(s).
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2. Equivalently, an extra sum of squares involves the difference between the two cor-
responding regression sums of squares .

3. Thus, we define:

SSR(X1|X2) = SSE(X2)− SSE(X1, X2) (7.1a)

or, equivalently:

SSR(X1|X2) = SSR(X1, X2)− SSR(X2) (7.1b)

4. If X2 is the extra variable, We define:

SSR(X2|X1) = SSE(X1)− SSE(X1, X2) (7.2a)

or, equivalently:

SSR(X2|X1) = SSR(X1, X2)− SSR(X1) (7.2b)

5. Extensions for three or more variables are straightforward:

SSR(X3|X1, X2) = SSE(X1, X2)− SSE(X1, X2, X3) (7.3a)

or:

SSR(X3|X1, X2) = SSR(X1, X2, X3)− SSR(X1, X2) (7.4b)

and

SSR(X2, X3|X1) = SSE(X1)− SSE(X1, X2, X3) (7.4a)

or:

SSR(X2, X3|X1) = SSR(X1, X2, X3)− SSR(X1) (7.4b)

Decomposition of SSR into Extra Sums of Squares

1. In multiple regression, we can obtain a variety of decompositions of SSR into
extra sums of squares.
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2. Consider the multiple regression model with two X variables:

Yi = β0 + β1X1i + β2X2i + ϵi, i = 1, ·, n

3. Begin with the identity for X1:

SSTO = SSR(X1) + SSE(X1) (7.5)

when X1 is the X variable in th model. Replacing SSE(X1) by its equivalent in
(7.2a): SSR(X2|X1) = SSE(X1)− SSE(X!, X2) , we obtain:

SSTO = SSR(X1) + SSR(X2|X1) + SSE(X1, X2) (7.6)

4. Use the same identity for multiple regression with two X variables as in (7.5) for a
single X variable:

SSTO = SSR(X1, X2) + SSE(X1, X2) (7.7)

Solving (7.7) for SSE(X1, X2) and using this expression in (7.6) lead to:

SSR(X1, X2) = SSR(X1) + SSR(X2|X1) (7.8)

5. We have decomposed SSR(X1, X2) into two marginal components:

(a) SSR(X1) : measuring the contribution by including X1 alone in the
model.

(b) SSR(X2|X1) : measuring the additional contribution when X2 is included,
given that X1 is already in the model.

6. The order of the X variables is arbitrary:

SSR(X1, X2) = SSR(X2) + SSR(X1|X2) (7.9)

7.
�� ��Example Body Fat Example

(a) A sample of n = 20 healthy females 25 − 34 years old; Y : amount of body
fat; X1: triceps skinfold thickness; X2: thigh circumference; X3: midarm
circumference.
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(b) (Figure 7.1): The extra sum of squares can be viewed either as a reduction in SSE

or as an increase in SSR when the second predictor variable is added to
the regression model.

8. When the regression model contains three X variables, a variety of decompositions
of SSR(X1, X2, X3) can be obtained. We illustrate three of these:

SSR(X1, X2, X3) = SSR(X1) + SSR(X2|X1) + SSR(X3|X1, X2) (7.10a)

SSR(X1, X2, X3) = SSR(X2) + SSR(X3|X2) + SSR(X1|X2, X3) (7.10b)

SSR(X1, X2, X3) = SSR(X1) + SSR(X2, X3|X1) (7.10e)

9. The number of possible decompositions becomes vast as the number of X

variables in the regression model increases .
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ANOVA Table Containing Decomposition of SSR

1. (Table 7.3, 7.4) ANOVA tables can be constructed containing decompositions of the
regression sum of squares into extra sums of squares.

2. Note that each extra sum of squares involving a single extra X variable has
associated with it one degree of freedom.

3. Extra sums of squares involving two extra X variables, such as SSR(X2, X3|X1),
have two degrees of freedom associated with them: an extra sum of squares as a
sum of two extra sums of squares, each associated with one degree of freedom.

4. Many computer regression packages provide decompositions of SSR into single -
degree-of-freedom extra sums of squares, usually in the order in which the X vari-
ables are entered into the model .

5. If the X variables are entered in the order X1, X2, X3, the extra Sums of squares
given in the output are:

SSR(X1), SSR(X2|X1) SSR(X3|X1, X2)

6. If an extra sum of squares involving several extra X variables is desired, it can be
obtained by summing appropriate single-degree-of-freedom extra sums of squares.
For instance, to obtain SSR(X2, X3|X1):

SSR(X2, X3|X1) = SSR(X2|X1) + SSR(X3|X1, X2) .

7. The reason why extra sums of squares are of interest is that they occur in a variety
of tests about regression coefficients where the question of concern is
whether certain X variables can be dropped from the regression mode1.
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7.2 Uses of Extra Sums of Squares in Tests for Re-
gression Coefficients

Test whether a Single βk = 0

1. Test whether the term βkXk can be dropped from a multiple regression model,

H0 : βk = 0 Ha : βk ̸= 0 ,

the test statistic: t∗ =
bk

s(bk)
is appropriate for this test.

2. Use the general linear test approach : consider the first-order regression model
with three predictor variables:

Yi = β0 + β1Xi1 + β2Xi2 + β3Xi3 + εi Full model (7.12)

To test the alternatives:

H0 : β3 = 0 Ha : β3 ̸= 0. (7.13)

3. The error sum of squares SSE(F ) for the full model:

SSE(F ) = SSE(X1, X2, X3) , dfF = n− 4.

4. (Reduced Model) The reduced model when H0 in (7.13) holds:

Yi = β0 + β1Xi1 + β2Xi2 + εi Reduced model (7.14)

The error sum of squares SSE(E) for the reduced model:

SSE(R) = SSE(X1, X2) , dfR = n− 3.

5. The general linear test statistic:

F ∗ =
SSE(R)− SSE(F )

dfR − dfF
÷ SSE(F )

dfF

=
SSE(X1, X2)− SSE(X1, X2, X3)

(n− 3)− (n− 4)
÷ SSE(X1, X2, X3)

n− 4

=
SSR(X3|X1, X2)

1
÷ SSE(X1, X2, X3)

n− 4

=
MSR(X3|X1, X2)

MSE(X1, X2, X3)
(7.15)
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6. The test whether or not β3 = 0 is a marginal test , given that X1 and X2 are
already in the model.

7. Test statistic (7.15) shows that we do not need to fit both the full model and the re-
duced model to use the general linear test approach here. A single computer run
can provide a fit of the full model and the appropriate extra sum of squares.

8.
�� ��Example Body Fat Example

(a) To test for the model with all three predictor variables whether midarm cir-
cumference (X3) can be dropped from the model.

(b) (Table 7.4) ANOVA results of the full regression model (7.12), including the
extra sums of squares when the predictor variables are entered in the order
X1, X2, X3. Hence, test statistic (7.15) is:

F ∗ =
SSR(X3|X1, X2)

1
÷ SSE(X1, X2, X3)

n− 4

=
11.54

1
÷ 98.41

16
= 1.88

For α = 0.01, we require F (0.99; 1, 16) = 8.53 . Since F ∗ = 1.88 ≤ 8.53 ,
we conclude H0 , that X3 can be dropped from the regression model that
already contains X1 and X2.

(c) (Table 7.2d) the t∗ test statistic:

t∗ =
b3

s(b3)
=

−2.186

1.596
= −1.37

Since (t∗)2 = (−1.37)2 = 1.88 = F ∗ , we see that the two test statistics are
equivalent , just as for simple linear regression.
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9. The F ∗ test statistic (7.15) to test whether or not β3 = 0 is called a partial F test
statistic to distinguish it from the F ∗ statistic in (6.39b) for testing whether

all βk = 0, i.e., whether or not there is a regression relation between Y and the set
of X variables. The latter test is called the overall F test .

Test whether Several βk = 0

1. To know whether both β2X2 and β3X3 can be dropped from the full model (7.12).
The alternatives here are:

H0 : β2 = β3 = 0 Ha : not both β2 and β3 equal zero (7.16)

2. With the general linear test approach, the reduced model under H0 is:

Yi = β0 + β1Xi1 + εi Reduced model (7.17)

and the error sum of squares for the reduced model is:

SSE(R) = SSE(X1) dfR = n− 2

3. The general linear test statistic:

F ∗ =
SSE(X1)− SSE(X1, X2, X3)

(n− 2)− (n− 4)
÷ SSE(X1, X2, X3)

n− 4

=
SSR(X2, X3|X1)

2
÷ SSE(X1, X2, X3)

n− 4

=
MSR(X2, X3|X1)

MSE(X1, X2, X3)

4.
�� ��Example Body Fat Example

(a) To test in the body fat example for the model with all three predictor variables
whether both thigh circumference (X2) and midarm circumference (X3) can
be dropped from the full regression model (7.12):

SSR(X2, X3|X1) = SSR(X2|X1) + SSR(X3|X1, X2) = 33.17 + 11.54 = 44.71

(b) Test statistic (7.18) therefore:

F ∗ =
SSR(X2, X3|X1)

2
÷MSE(X1, X2, X3) =

44.71

2
÷ 6.15 = 3.63
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(c) For α = 0.05, we require F (0.95; 2, 16) = 3.63 . Since F ∗ = 3.63 is
at the boundary of the decision rule (the P -value of the test statis-
tic is 0.05 ), we may wish to make further analyses before deciding
whether X2 and X3 should be dropped from the regression model that already
contains X1.

7.3 Summary of Tests Concerning Regression Coeffi-
cients∗

7.4 Coefficients of Partial Determination
1. Extra sums of squares are not only useful for tests on the regression coefficients

of a multiple regression model, but they are also encountered in descriptive measures
of relationship called coefficients of partial determination .

2. Recall: the coefficient of multiple determination, R2, measures the proportionate
reduction in the variation of Y achieved by the introduction of the entire set

of X variables considered in the model.

3. A coefficient of partial determination measures the marginal contribution
of one X variable when all others are already included in the model.

Two Predictor Variables

1. Consider a first-order multiple regression model with two predictor variables:

Yi = β0 + β1Xi1 + β2Xi2 + εi.

(a) SSE(X2) : measures the variation in Y when X2 is included in the mode1.

(b) SSE(X1, X2) measures the variation in Y when both X1 and X2 are
included in the model.

2. (Recall) Coefficient of determination: R2 =
SSR

SST
= 1− SSE

SST
.
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3. The relative marginal reduction in the variation in Y associated with X1 when X2

is already in the model is:

R2
Y 1|2 =

SSE(X2)− SSE(X1, X2)

SSE(X2)
=

SSR(X1|X2)

SSE(X2)

This measure is the coefficient of partial determination between Y and X1,
given that X2 is in the mode1. Denoted by R2

Y 1|2 .

4. R2
Y 1|2 measures the proportionate reduction in the variation in Y remaining

after X2 is included in the model that is gained by also including X1 in the
model.

5. The coefficient of partial determination between Y and X2, given that X1 is in the
model, is defined correspondingly:

R2
Y 2|1 =

SSR(X2|X1)

SSE(X1)

General Case

1. The generalization of coefficients of partial determination to three or more X vari-
ables in the model:

R2
Y 1|23 =

SSR(X1|X2, X3)

SSE(X2, X3)
(7.37)

R2
Y 2|13 =

SSR(X2|X1, X3)

SSE(X1, X3)
(7.38)

R2
Y 3|12 =

SSR(X3|X1, X2)

SSE(X1, X2)
(7.39)

R2
Y 4|123 =

SSR(X4|X1, X2, X3)

SSE(X1, X2, X3)
(7.40)

2.
�� ��Example Body Fat Example

(a) Example: we can obtain a variety of coefficients of partial determination. (Ta-
bles 7.2 and 7.4):

R2
Y 2|1 =

SSR(X2|X1)

SSE(X1)
=

33.17

143.12
= 0.232

(110-2) Regression Analysis (I) May 5, 2022



Chapter 7: Multiple Regression (II) Page 14/23

R2
Y 3|12 =

SSR(X3|X1, X2)

SSE(X1, X2)
=

11.54

109.95
= 0.105

R2
Y 1|2 =

SSR(X1|X2)

SSE(X2)
=

3.47

113.42
= 0.031

(b) When X2 is added to the regression model containing X1, the error sum
of squares SSE(X1) is reduced by 23.2 percent .

(c) SSE for the model containing both X1 and X2 is only reduced by another
10.5 percent when X3is added to the model.

(d) If the regression model already contains X2, adding X1 reduces SSE(X2)

by only 3.1 percent .

Coefficients of Partial Correlation

1. The square root of a coefficient of partial determination is called a coefficient
of partial correlation .

2. One use of partial correlation coefficients is in computer routines for finding the
best predictor variable to be selected next for inclusion in the regression model.

3. For the body fat example, we have:

rY 2|1 =
√
0.232 = 0.482

rY 3|12 =
√
0.105 = −0.324

rY 1|2 =
√
0.031 = 0.176

4. The coefficients rY 2|1 and rY 1|2 are positive because we see from Table 7.2c that
b2 = 0.6594 and b1 = 0.2224 are positive . Similarly, rY 3|12 is negative because
we see from Table 7.2d that b3 = −2.186 is negative .

7.5 Standardized Multiple Regression Model∗

7.6 Multicollinearity and Its Effects
1. In multiple regression analysis, some questions frequently asked:

(110-2) Regression Analysis (I) May 5, 2022



Chapter 7: Multiple Regression (II) Page 15/23

(a) What is the relative importance of the effects of the different predictor
variables?

(b) What is the magnitude of the effect of a given predictor variable on the
response variable?

(c) Can any predictor variable be dropped from the model because it has
little or no effect on the response variable?

(d) Should any predictor variables not yet included in the model be considered for
possible inclusion ?

2. In many nonexperimental situations in business, economics, and the social and
biological sciences, the predictors tend to be correlated among themselves
and with other variables that are related to the response variable but are not
included in the model.

3.
�� ��Example In a regression of family food expenditures on the explanatory variables
family income, family savings, and age of head of household, the explanatory vari-
ables will be correlated among themselves. Further, they will also be correlated
with other socioeconomic variables not included in the model that do affect family
food expenditures, such as family size.

4. When the predictor variables are correlated among themselves, intercorrelation
or multicollinearity among them is said to exist.

Uncorrelated Predictor Variables

1. (Table 7.6) The data for a small-scale experiment on the effect of work crew size
(X1) and level of bonus pay (X2) on crew productivity (Y ). The predictor variables
X1 and X2 are uncorrelated ( r212 = 0 ).
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2. (Table 7.7a (7.7b) (7.7c)) The fitted regression function and the analysis of variance
table when both X1 and X2 are (only (X1) (X2) is) included in the model.

3. (Table 7.7) The regression coefficient for X1, b1 = 5.375 , is the same
whether only X1 is included in the model or both predictor variables are included.
The same holds for b2 = 9.250 .

4. When the predictor variables are uncorrelated , the effects ascribed to them
by a first-order regression model are the same no matter which other of these
predictor variables are included in the model.

5. The extra sum of squares SSR(X1|X2) equals the regression sum of squares SSR(X1)

when only X1, is in the regression model:

SSR(X1|X2) = SSE(X2)− SSE(X1, X2)

= 248.750− 17.625 = 231.125

SSR(X1) = 231.125
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6. Similarly, the extra sum of squares SSR(X2|X1) equals SSR(X2), the regression
sum of squares when only X2 is in the regression model:

SSR(X2|X1) = SSE(X1)− SSE(X11, X2)

= 188.750− 17.625 = 171.125

SSR(X2) = 171.125

7. In general, when two or more predictor variables are uncorrelated, the marginal
contribution of one predictor variable in reducing the error sum of squares

when the other predictor variables are in the model is exactly the same as
when this predictor variable is in the model alone.

8. See Comment on page 281 for the proof: when X1 and X2 are uncorrelated,
adding X2 to the regression model does not change the regression coefficient for X1;
correspondingly, adding X1 to the regression model does not change the regression
coefficient for X2.

Nature of Problem when Predictor Variables Are Perfectly Cor-
related

1. (Table 7.8)
�� ��Example The data refer to four sample observations on a response

variable and two predictor variables. The first-order multiple regression function
fit:

E(Y ) = β0 + β1X1 + β2X2.

Mr. A : Ŷ = −87 +X1 + 18X2 (perfect fit) (7.58)

Mr. B : Ŷ = −7 + 9X1 + 2X2 (perfect fit) (7.59)
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2. It can be shown that infinitely many response functions will fit the data in
Table 7.8 perfectly. The reason is that the predictor variables X1, and X2 are
perfectly related:

X2 = 5 + 0.5X1 (7.60)

3. (Figure 7.2) The fitted response functions (7.58) and (7.59) are entirely different
response surfaces. The two response surfaces have the same fitted values only
when they intersect .

4.5. Two key implications of this example are:

(a) The perfect relation between X1, and X2 did not inhibit our ability to obtain
a good fit to the data.

(b) Since many different response functions provide the same good fit, we cannot
interpret anyone set of regression coefficients as reflecting the effects

of the different predictor variables.

Effects of Multicollinearity

1. The fact that some or all predictor variables are correlated among themselves (a)
does not, in general, inhibit our ability to obtain a good fit (b) nor does it tend
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to affect inferences about mean responses or predictions of new observations ,
provided these inferences are made within the region of observations.

2. The estimated regression coefficients tend to have large sampling variability
when the predictor variables are highly correlated. Thus, the estimated regression
coefficients tend to vary widely from one sample to the next when the predictor
variables are highly correlated.

3. Many of the estimated regression coefficients individually may be statistically not
significant even though a definite statistical relation exists between the re-

sponse variable and the set of predictor variables.

4. The common interpretation of a regression coefficient as measuring the change
in the expected value of the response variable when the given predictor variable
is increased by one unit while all other predictor variables are held constant is

not fully applicable when multicollinearity exists.

5.
�� ��Example The Body Fat Example

(a) (Table 7.1): A sample of 20 healthy females 25 − 34 years old, Y : amount of
body fat, X1: triceps skinfold thickness, X2: thigh circumference, X3: midarm
circumference. (Table 7.2): The regression results for different fitted models.

(b) (Figure 7.3) The scatter plot matrix and the correlation matrix of the pre-
dictor variables: predictor variables X1 and X2 are highly correlated (r12 = 0.924) .

(c) r13 = 0.458 and r23 = 0.085.

(d) The coefficient of multiple determination when X3 is regressed on X1 and
X2 is 0.998: X3 is highly correlated with X1 and X2 together.
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6. Effects on Regression Coefficients.

(a) The regression coefficient for X1, triceps skinfold thickness, varies markedly
depending on which other variables are included in the model.

(b) The story is the same for the regression coefficient for X2. The regression
coefficient b2 even changes sign when X3 is added to the model that
includes X1 and X2.

(c) Important conclusion: When predictor variables are correlated, the regression
coefficient of anyone variable depends on which other predictor variables
are included in the model and which ones are left out. Thus, a regression coef-
ficient does not reflect any inherent effect of the particular predictor variable
on the response variable but only a marginal or partial effect, given
whatever other correlated predictor variables are included in the model.

7. Effects on Extra Sums of Squares.

(a) When predictor variables are correlated, the marginal contribution of anyone
predictor variable in reducing the error sum of squares varies , depend-
ing on which other variables are already in the regression model, just as for
regression coefficients.

(b) (Table 7.2) Consider the following extra sums of squares for X1:

SSR(X1) = 352.27 SSR(X1|X2) = 3.47.

The reason why SSR(X1|X2) is so small compared with SSR(X1) is that
X1 and X2 are highly correlated with each other and with the response
variable.

(c) When X2 is already in the regression model, the marginal contribution of X1

in reducing the error sum of squares is comparatively small because X2

contains much of the same information as X1.
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(d) The same story is found in Table 7.2 for X2. Here SSR(X2|X1) = 33.17 ,
which is much smaller than SSR(X2) = 381.97 .

(e) Important conclusion: When predictor variables are correlated, there is no
unique sum of squares that can be ascribed to anyone predictor variable

as reflecting its effect in reducing the total variation in Y . The reduction in the
total variation ascribed to a predictor variable must be viewed in the context
of the other correlated predictor variables already included in the model.

8. Effects on s(bk).

(a) (Table 7.2 for the body fat example) how much more imprecise the esti-
mated regression coefficients b1 and b2 become as more predictor variables are
added to the regression model:

(b) The high degree of multicollinearity among the predictor variables is re-
sponsible for the inflated variability of the estimated regression coeffi-
cients.

9. Effects on Fitted Values and Predictions.

(a) (Table 7.2 for the body fat example) the high multicollinearity among the pre-
dictor variables does not prevent the mean square error , measuring the
variability of the error terms, from being steadily reduced as additional
variables are added to the regression model:
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(b) The precision of fitted values within the range of the observations on the
predictor variables is not eroded with the addition of correlated predictor
variables into the regression model.

(c)
�� ��Example Consider the estimation of mean body fat when the only predictor
variable in the model is triceps skinfold thickness (X1) for Xh1 = 25.0. The
fitted value and its estimated standard deviation are (calculations not shown):

Ŷh = 19.93, s(Ŷh) = 0.632

When the highly correlated predictor variable thigh circumference (X2) is also
included in the model, the estimated mean body fat and its estimated standard
deviation are as follows for Xh1 = 25.0 and Xh2 = 50.0:

Ŷh = 19.36 s(Ŷh) = 0.624

Thus, the precision of the estimated mean response is equally good as
before, despite the addition of the second predictor variable that is highly
correlated with the first one.

(d) The essential reason for the stability is that the covariance between b1

and b2 is negative, which plays a strong counteracting influence to
the increase in s2(b1), in determining the value of s2(Ŷh) as given in (6.79).

10. Effects on Simultaneous Tests of βk. Paradox of t-test and F -test:

(a) (The Body Fat Example) test whether β1 = 0 and β2 = 0 . Control-
ling the family level of significance at 0.05, we require with the Bonferroni method
that each of the two t tests be conducted with level of significance 0.025 .

(b) Hence, we need t(.975;17) = 2.46 . Since both t∗ statistics in Table 7.2c
have absolute values that do not exceed 2.46, we would conclude from the two

separate tests that β1 = 0 and that β2 = 0.

(c) (Table 7.2c) Yet the proper F test for H0 : β1 = β2 = 0 would lead to
the conclusion Ha that not both coefficients equal zero. We find F ∗ =

MSR/MSE = 192.72/6.47 = 29.8, which far exceeds F(0.95;2,17) = 3.59.
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(d) The reason for this apparently paradoxical result is that each t∗ test is
a marginal test , as we have seen in (7.15) from the perspective of the
general linear test approach.

(e) Thus, a small SSR(X1|X2) here indicates that X1, does not provide much
additional information beyond X2, which already is in the model; hence, we
are led to the conclusion that β1 = 0.

(f) Similarly, we are led to conclude β2 = 0 here because SSR(X2|X1) is
small, indicating that X2 does not provide much more additional information
when X1 is already in the model.

(g) But the two tests of the marginal effects of X1 and X2 together are not
equivalent to testing whether there is a regression relation between Y and the
two predictor variables.

(h) The reason is that the reduced model for each of the separate tests contains the
other predictor variable , whereas the reduced model for testing whether
both β1 = 0 and β2 = 0 would contain neither predictor variable.

The proper F test shows that there is a definite regression relation here between
Y and X1 and X2.

Need for More Powerful Diagnostics for Multicollinearity

1. The diagnostic tool for identifying multicollinearity: the pairwise coefficients of
simple correlation between the predictor variables is frequently helpful.

2. (Chapter 10) more powerful tool for identifying the existence of serious multi-
collinearity.

3. (Chapter 11) Some remedial measures for lessening the effects of multicollinearity.
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• Problems: 7.2, 7.3, 7.6, 7.11, 7.24.

• Exercises: 7.31
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