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� = �0 O �0

r = 1 r = �1 O

�

P (2; �/6)

�

1 � r � 2 0 � � � �

2

�3 � r � 2 � =
�

4

2�

3
� � � 5�

6



x = r � y = r � x2 + y2 = r2

�

x2 + (y � 3)2 = 9

�

r � = �4

r2 = 4r �

r =
4

2 � � �



�

(2; �/2) (2; 0) (�2; �/2) (�2; 0)

(3; �/4) (�3; �/4) (3; ��/4) (�3; ��/4)

�

r � = 0

r � + r � = 1

r2 2� = 2

2 � = 2 �

r = 2 � + 2 �

�

y = 1

x2 + y2 = 4

xy = 2

x2 + xy + y2 = 1

(x � 3)2 + (y + 1)2 = 4





x

(r; �) (r; ��) (�r; � � �)

y

(r; �) (r; � � �) (�r; ��)

(r; �) (�r; �) (r; � + �)

r = f(�) dy/dx r0 = df/d�



r = f(�)

dy

dx

�

�

�

�

(r;�)

=
f 0(�) � + f(�) �

f 0(�) � � f(�) �
; dy/d� 6= 0 (r; �):

f x = r � =

f(�) �; y = r � = f(�) �:
dy

dx
=

r = f(�) � = �0 f(�0) = 0

dy

dx

�

�

�

�

(0;�0)

=
f 0(�0) �0

f 0(�0) �0
= �0

r = f(�) � = �0

�0

(0; �0)

�

r = 1 � �



�

r2 = 4 �

�

r2 = 2�



r = a � r = a �

a < 0 a > 0 a < 0 a > 0

r = a(1 � �) r = a(1 � �)

a < 0 a > 0 a < 0 a > 0

r = a � b � r = a � b �

a > b a < b a > b a < b



r2 = a2 2� r2 = a2 2�

r = a n� r = a n�

n : odd n : even n : odd n : even



r = 2 � 2 �

r = 1 + 2 �

r2 = 4 2�

r = 2�





rk = f(�k)

��k �k/2� rk

Ak =
1

2
r2

k
��k =

1

2
(f(�k))2��k

;

n
X

k=1

Ak =
n

X

k=1

1

2
(f(�k))2��k

A =
kPk!0

n
X

k=1

1

2
(f(�k))2�� =

�

�

�

1

2
(f(�))2d�



r = f(�) � < � < �

A =

�

�

�

1

2
r2 d� :

dA =
1

2
r2 d� =

1

2
(f(�))2 d�

0 � r1(�) � r � r2(�) � � � � �

A =

�

�

�

1

2
r22 d� �

�

�

�

1

2
r21 d� =

�

�

�

1

2
(r22 � r21) d�

�

r = 2(1 + �)



�

r = 2 � + 1

�

r = 1

r = 1 � �



r = 4 + 2 �

r2 = 2 3�

r2 = 6 2�

r =
p

3

r = 3a �

r = a(1 + �); a > 0





~AB

A B j ~ABj

~v

(v1; v2)

~v ~v =< v1; v2 >

~v

(v1; v2; v3)

~v ~v =< v1; v2; v3 >

~v = ~PQ P (x1; y1; z1); Q(x2; y2; z2)

k~vk =
p

v21 + v22 + v23 =
p

(x2 � x1)2 + (y2 � y1)2 + (z2 � z1)2

�

P (�3; 4; 1)

Q(�5; 2; 2)



~u =< u1; u2; u3 > ~v =< v1; v2; v3 > k

~u+ ~v = < u1 + v1; u2 + v2; u3 + v3 >

k~u = < ku1; ku2; ku3 >

~u;~v; ~w a; b

~u+ ~v = ~v + ~u (~u+ ~v) + ~w = ~u+ (~v + ~w)

~u+~0 = ~u ~u+ (�~u) = ~0

0~u = ~0 1~u = ~u

a(b~u) = (ab)~u a(~u+ ~v) = a~u+ a~v

(a+ b)~u = a~u+ b~u

~v

~i =< 1; 0; 0 > ~j =< 0; 1; 0 > ~k =< 0; 0; 1 >

~v =< v1; v2; v3 >



~v = < v1; v2; v3 >=< v1; 0; 0 > + < 0; v2; 0 > + < 0; 0; v3 >

= v1 < 1; 0; 0 > +v2 < 0; 1; 0 > +v3 < 0; 0; 1 >

= v1~i+ v2~j + v3~k

v1 v2; v3 i j k

~v

P (x1; y1; z1) Q(x2; y2; z2)

~PQ = (x2 � x1)~i+ (y2 � y1)~j + (z2 � z1)~k

~u 6= ~0
~v

k~vk ~v

~v = k~vk ~v

k~vk
~v

M P1(x1; y1; z1) P2(x2; y2; z2)

((x1 + x2)/2); (y1 + y2)/2; (z1 + z2)/2)

�

~u =< �1; 3; 1 > ~v =< 4; 7; 0 > 2~u + 3~v

~u � ~v k1
2
~uk

�

~u P1(1; 0; 1) P2(3; 2; 0)



� ~v = v1~i+ v2~j + v3~k

~P1P2
~P1 (1; 2; 0) P2 (�3; 0; 5)

�2~u+ 3~v ~u =< �1; 0; 2 > ~v =< 1; 1; 1 >

2~i+~j � 2~k

~v = 12~i � 5~k





~u � ~v ~u =< u1; u2; u3 > ~v =< v1; v2; v3 >

~u � ~v = u1v1 + u2v2 + u3v3

� ~u =< u1; u2; u3 > ~v =< v1; v2; v3 >

� = �1

�

u1v1 + u2v2 + u3v3

k~ukk~vk

�

= �1

�

~u � ~v

k~ukk~vk

�

�

~u =~i � 2~j � 2~k ~v = 6~i + 3~j + 2~k



�

� ABC A = (0; 0) B =

(3; 5) C = (5; 2)

~u ~v

~u � ~v = 0

~u ~v ~w c

~u � ~v = ~v � ~u (c~u) � ~v = ~u � (c~v) = c(~u � ~v)

~u � (~v + ~w) = ~u � ~v + ~u � ~w ~u � ~u = k~uk2

~0 � ~u =

~u = ~PQ ~v = ~PS ~PR

Q PS

~v
~u =

�

~u � ~v

k~vk2

�

~v

~u ~v

k~uk � =
~u � ~v

k~vk
= ~u � ~v

k~vk



�

~u = 6~i + 3~j + 2~k ~v =~i � 2~j � 2~k

~u ~v



�

~v � ~u k~vk k~uk

~v ~u

~u ~v

~v
~u

~v = 2~i + 10~j � 11~k ~u = 2~i + 2~j + ~k

~v =<
1p
2

;
1p
3

> ~u =<
1p
2

; � 1p
3

>





~n

~u � ~v ~u ~v

~u � ~v = (k~ukk~vk �)~n

~u ~v ~u � ~v = ~0

~u ~v ~w r s

(r~u) � (s~v) = (rs)(~u � ~v) ~u � (~v + ~w) = ~u � ~v + ~u � ~w

~v � ~u = �(~u � ~v) (~v + ~w) � ~u = ~v � ~u + ~w � ~u

~0 � ~u = ~0 ~u � (~v � ~w) = (~u � ~w)~v � (~u � ~v)~w

~i �~j = �(~j �~i) = ~k

~j � ~k = �(~k �~j) =~i

~k �~i = �(~i � ~k) = ~j

~i �~i = ~j �~j = ~k � ~k = ~0



~u = u1
~i + u2

~j + u3
~k ~v = v1~i + v2~j + v3~k

~u � ~v =

�

�

�

�

�

�

�

~i ~j ~k

u1 u2 u3

v1 v2 v3

�

�

�

�

�

�

�

(~u � ~v) � ~w =

�

�

�

�

�

�

�

u1 u2 u3

v1 v2 v3

w1 w2 w3

�

�

�

�

�

�

�

~u �~v ~u ~v

~u k~vkk �k

k~u � ~vk = k~ukk~vkk �kk~nk = k~ukk~vk �



�

~u � ~v ~v � ~u ~u = 2~i +~j + ~k ~v = �4~i + 3~j + ~k

�

P (1; �1; 0) Q(2; 1; �1) R(�1; 1; 2)

�

P (1; �1; 0) Q(2; 1; �1) R(�1; 1; 2)



� ~u � ~v ~v � ~u

~u = 2~i � 2~j + 4~k ~v = �~i +~j � 2~k

~u =~i �~j ~v = ~j � ~k

� P; Q

R PQR

P (1; 1; 1) Q(2; 1; 3) R(3; �1; 1)





f(x; y) L (x; y)

(x0; y0)

(x;y)!(x0;y0)
f(x; y) = L

� > 0 � > 0

(x; y) f

jf(x; y) � Lj < � 0 <
p

(x � x0)2 + (y � y0)2 < � :

L; M k

(x;y)!(x0);y0)
f(x; y) = L

(x;y)!(x0);y0)
g(x; y) = M

(x;y)!(x0);y0)
(f(x; y) + g(x; y)) = L + M

(x;y)!(x0);y0)
(f(x; y) � g(x; y)) = L � M

(x;y)!(x0);y0)
kf(x; y) = kL

(x;y)!(x0);y0)
(f(x; y) � g(x; y)) = L � M



(x;y)!(x0);y0)

f(x; y)

g(x; y))
= L

M

; M 6= 0:

(x;y)!(x0);y0)
[f(x; y)]n = Ln ; n 2 N+:

(x;y)!(x0);y0)

n

p

f(x; y) = n

p
L ; n 2 N+:

�

(x;y)!(0;1)

x � xy + 3

x2y + 5xy � y3
=

(x;y)!(3;�4)

p

x2 + y2 =

�

(x;y)!(0;0)

x2 � xyp
x � p

y

f(x; y) (x0; y0)

f (x0; y0)

(x;y)!(x0;y0)
f(x; y)

(x;y)!(x0;y0)
f(x; y) = f(x0; y0)



f(x; y)

f (x; y) (x0; y0) (x;y)!(x0;y0) f(x; y)



(x;y)!(0;4)

x
p

y

(x;y)!(3;4)

p

x2 + y2 � 1

(x;y)!(0; 2)
ex�y

(x;y)!(�/2;0)

y + 1

y � x

(x;y)!(1;1)
x 6=y

x2 � y2

x � y

(x;y)!(2;2)
x+y 6=4

x + y � 4p
x + y � 2

(x;y)!(0;0)

(x2 + y2)

x2 + y2

(x;y)!(0;0)

1 � xy

xy





f(x; y) x (x0; y0)
@f

@x

�

�

(x0;y0)
=

h!0

f(x0 + h; y0) � f(x0; y0)

h

d

dx
f(x; y0)jx=x0

@f

@x
j(x0; y0) ; fx(x0; y0) ;

@z

@x
j(x0;y0)

; fx ;
@f

@x

f(x; y) x y

f y x

�

@f/@x @f/@y (4;�5) f(x; y) = x2+3xy+y�1



�

@f/@y f(x; y) = y xy

�

fx fy f(x; y) =
2y

y + x

�

@z/@x yz � z = x + y z

x y



�

@f/@z x; y z f(x; y; z) = x (y + 3z)

f(x; y)

@2f

@x2
= fxx ;

@2f

@y2
= fyy ;

@2f

@x@y
=

@

@x
(
@f

@y
) = fyx ;

@2f

@y@x
= fxy

f(x; y) fx; fy; fxy fyx

(a; b) (a; b)

fxy(a; b) = fyx(a; b)

�

f(x; y) = x y + yex



�

@2w/@x@y w = xy +
ey

y2 + 1

�

fyxyz f(x; y; z) = 1 � 2xy2z + x2y



@f/@x @f/@y f(x; y) =
p

x2 + y2

@f/@x @f/@y f(x; y) = exy y

@f/@x @f/@y f(x; y) =

�

y

x

g(t) dt g t

@f/@x @f/@y f(x; y) =
1

X

n=1

(xy)n

fx; fy fz f(x; y; z) = x �
p

y2 + z2

fx; fy fz f(x; y; z) = e�xyz

g(x; y) = xy + y + y x

wxy = wyx w = ex + x y + y x

@x/@z (1;�1;�3) xz+y x�x2+4 = 0

x y z

f(x; y) =

( p
x; x � 0

x2; x < 0:

fx; fy; fxy fyx





w = f(x; y) x = x(t) y = y(t)

t w = f(x(t); y(t))

t
dw

dt
=

@f

@x

@x

@t
+

@f

@y

@y

@t

w = f(x; y; z) x; y z t

w = f(x(t); y(t); z(t)) t
dw

dt
=

@w

@x

@x

@t
+

@w

@y

@y

@t
+

@w

@z

@z

@t



w = f(x; y; z) x = g(r; s) y = h(r; s)

z = k(r; s) w

r s
dw

dr
=

@w

@x

@x

@r
+

@w

@y

@y

@r
+

@w

@z

@z

@r

dw

ds
=

@w

@x

@x

@s
+

@w

@y

@y

@s
+

@w

@z

@z

@s

�

w = xy t

x = t y = t t = �/2

�

dw/dt w = xy + z x = t y = t z = t



�

@w/@r @w/@s r s w = x+2y+z2 x =
r

s
y = r2+ s

z = 2r

�

@w/@r @w/@s r s w = x2 + y2 x = r � s y = r + s

F (x; y) F (x; y) = 0

y x Fy 6= 0
dy

dx
= �Fx

Fy



F (x; y; z) = 0 z z = f(x; y)

@z

@x
= �Fx

Fz

;
@z

@y
= �Fy

Fz

�

dy/dx y2 � x2 � xy = 0

�

@z/@x @z/@y x3 + z2 + yexz + z y = 0



dw/dt t w =
x

z
+

y

z
x = 2 t y = 2 t z = 1/t

t = 3

dw/dt t w = 2yex � z x = (t2 +1) y = �1 t

z = et t = 1

@z/@u @z/@v (u; v) z = �1(x/y) x = u v

y = u v (u; v) = (1:3; �/6)

@w/@u @w/@v (u; v) w = xy + yz + xz x = u+ v

y = u � v z = uv (u; v) = (1/2; 1)

@u/@x @u/@y @u/@z (x; y; z) u =
p � q

q � r
p =

xy + yz + xz q = x � y + z r = x + y � z (x; y; z) = (
p
3; 2; 1)

@w/@s

@w/@t w = g(u) u = h(s; t)

dy/dx xey + xy + y � 2 = 0 (0; 2)

@z/@x @z/@y z3 � xy + yz + y3 � 2 = 0

(1; 1; 1)

@w/@v u = 0 v = 0 w = x2 + (y/x) x = u � 2v + 1 y = 2u + v � 2





f(x; y) R xy

P0(x0; y0) R ~u = u1
~i + u2

~j

x = x0 + su1 ; y = y0 + su2

P0 ~u

s P0 ~u

f P0 ~u df/ds

P0



f P0(x0; y0) ~u = u1
~i + u2

~j

(
df

ds
)~u;P0

=
s!0

f(x0 + su1; y0 + su2) � f(x0; y0)

s

f P0 ~u (D~uf)P0

fx(x0; y0) fy(x0; y0)

f P0 ~i ~j

�

f(x; y) = x2 + xy P0(1; 2)

~u = (1/
p
2)~i + (1/

p
2)~j

f(x; y) P0(x0; y0)

rf =
@f

@x
~i +

@f

@y
~j



�R�9�X�8 �.�B�`�2�+�i�B�Q�M���H �.�2�`�B�p���i�B�p�2�b ���M�/ �:�`���/�B�2�M�i �o�2�+�i�Q�`�b �S���;�2 �j�f�9

�k�X�k�h�?�2�Q� �̀2�K �N�, �h�?�2 �.�B� �̀2�+�i�B�Q�M���H �.�2�`�B�p���i�B�p�2 �A�b �� �.�Q�i �S� �̀Q�/�m�+�i

�A�7f (x; y) �B�b �/�B�z�2�`�2�M�i�B���#�H�2 �B�M ���M �Q�T�2�M �`�2�;�B�Q�M �+�Q�M�i���B�M�B�M�;P0(x0; y0)�- �i�?�2�M

(
df
ds

)~u;P0 = ( r f )P0 � ~u

�i�?�2 �/�Q�i �T�`�Q�/�m�+�i �Q�7�i�?�2 �;�`���/�B�2�M�ir f ���i P0 ���M�/ ~u �X

� �1�t�X�k �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�U�2�t���K�T�H�2�k�- �T�d�3�e�V

�6�B�M�/ �i�?�2 �/�2�`�B�p���i�B�p�2 �Q�7f (x; y) = xey + �+�Q�b(xy) ���i �i�?�2 �T�Q�B�M�i(2; 0) �B�M �i�?�2 �/�B�`�2�+�i�B�Q�M �Q�7

~v = 3~i � 4~j �X

�b�Q�H�,

�U�R�y�N�@�k�V`�Yñ �R�ffâ\®fI �R/•J4!í �6�2�#�`�m���`�v �k�k�- �k�y�k�R






























































































































