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15.1 Double and Iterated Integrals over Rectangles
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1 Double Integrals

1.1 A rectangle with sides parallel to the coordinate axes: R = {(x, y) : a ≤ x ≤ b, c ≤ y ≤ d} .

1.2 Definition: The Double Integrals

Let f be a function of two variables that is defined on a closed rectangle R .

If

lim
‖P‖→0

n∑
k=1

f(x̄k, ȳk) ∆Ak

exists, we say that f is integrable on R. Moreover,
�

f(x, y) dA , called

the double integral of f over R, is then given by�

R

f(x, y) dA = lim
‖P‖→0

n∑
k=1

f(x̄k, ȳk) ∆Ak

1.3 If f(x) ≥ 0,
� b
a
f(x) dx represents the area of the region under the curve

y = f(x) between a and b.

1.4 If f(x, y) ≥ 0,
�
R

f(x, y) dA represents the volume of the solid under the

surface z = f(x, y) and above the rectangle R.

1.5 Theorem: Fubini’s Theorem (First Form)
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If f(x, y) is continuous throughout the rectangular region R : a ≤≤ b, c ≤ y ≤ d,

then

V =

�

R

f(x, y) dA =

� d

c

A(y) dy =

� d

c

[

� b

a

f(x, y) dx] dy =

� b

a

[

� d

c

f(x, y) dy] dx .

The expression oh the right, called an iterated or repeated integral.

1.6 If f(x, y) is negative on part of R, then
�
R

f(x, y) dA gives the signed volume

of the solid between the surface z = f(x, y) and the rectangle R of the xy−plane.

The actual volume of this slid is

�

R

|f(x, y)| dA .
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� Ex. 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (example1, p839)

Calculate

�

R

f(x, y) dA for f(x, y) = 100− 6x2y and R : 0 ≤ x ≤ 2, −1 ≤ y ≤ 1.

sol:

� Ex. 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (example2, p840)

Find the volume of the region bounded above by the elliptical paraboloid z =

10 + x2 + 3y2 and below by the rectangle R : 0 ≤ x ≤ 1, 0 ≤ y ≤ 2.

sol:
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實習課練習 (EXERCISE 15.1)

4.

� 1

0

� 1

0

(1− x2 + y2

2
) dx dy

7.

� 1

0

� 1

0

y

1 + xy
dx dy

11.

� 2

−1

� π/2

0

y sinx dx dy

14.

�

R

(

√
x

y2
)dA, R : 0 ≤ x ≤ 4, 1 ≤ y ≤ 2.

17.

�

R

ex−y, R : 0 ≤ x ≤ ln 2, 0 ≤ y ≤ 2.

25. Find the volume of the region bounded above by the plane z = 2− x− y and below

by the square R : 0 ≤ x ≤ 1, 0 ≤ y ≤ 1.
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